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Abstract. In this paper, the authors propose a new framework under which a theory 
of generalized Besov-type and Triebel-Lizorkin-type function spaces is developed. Many 
function spaces appearing in harmonic analysis fall under the scope of this new frame- 
work. Among others, the boundedness of the Hardy-Littlewood maximal operator or 
the related vector-valued maximal function on any of these function spaces is not re- 
quired to construct these generalized scales of smoothness spaces. Instead of this, a key 
idea used in this framework is an application of the Peetre maximal function. This idea 
originates from recent findings in the abstract coorbit space theory obtained by Holger 
Rauhut and Tino Ullrich. Under this new setting, the authors establish the boundedness 
of pseudo-differential operators based on atomic and molecular characterizations and 
also the boundedness of the Fourier multipliers. The characterizations of these function 
spaces by means of differences and oscillations are also established. As further applica- 
tions of this new framework, the authors reexamine and polish some existing results for 
many different scales of function spaces. 
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1 Introduction 

Different types of smoothness spaces play an important role in harmonic analysis, partial 
differential equations as well as in approximation theory. For example, Sobolev spaces 
are widely used for the theory of elliptic partial differential equations. However, there are 
several partial differential equations on which the scale of Sobolev spaces is no longer suffi- 
cient. A proper generalization is given by the classical Besov and Triebel-Lizorkin function 
spaces. In recent years, it turned out to be necessary to generalize even further and re- 
place the fundamental space L p (M n ) by something more general, like a Lebesgue space 
with variable exponents ([11, 12]) or, more generally, an Orlicz space. Another direction is 
pursued via replacing the space L p (M n ) by the Morrey space A1u(K n )j see [48, 52, 53], or 
generalizations thereof [43, 80, 82, 89, 95, 96, 98, 99, 104]. Therefore, the theory of func- 
tion spaces has become more and more complicated due to their definitions. Moreover, 
results on atomic or molecular decompositions were often developed from scratch again 
and again for different scales. 

A nice approach to unify the theory was performed by Hedberg and Netrusov in [24]. 
They developed an axiomatic approach to function spaces of Besov-type and Triebel- 
Lizorkin-type, in which the underlying function space is a quasi-normed space E of se- 
quences of Lebesgue measurable functions on M n , satisfying some additional assumptions. 
The key property assumed in this approach is that the space E satisfies a vector-valued 
maximal inequality of Fefferman-Stein type, namely, for some r £ (0, oo) and A € [0, oo), 
there exists a positive constant C such that, for all {fi}^L C E, 



Related to [24], Ho [25] also developed a theory of function spaces on W 1 under the 
additional assumption that the Hardy-Littlewood maximal operator M is bounded on the 
corresponding fundamental function space. 

Another direction towards a unified treatment of all generalizations has been developed 
by Rauhut and Ullrich [68] based on the generalized abstract coorbit space theory. The 
coorbit space theory was originally developed by Feichtinger and Grochenig [16, 21, 22] 
with the aim of providing a unified approach for describing function spaces and their 
atomic decompositions. The classical theory uses locally compact groups together with 
integrable group representations as key ingredients. Based on the idea to measure smooth- 
ness via decay properties of an abstract wavelet transform one can particularly recover 
homogeneous Besov-Lizorkin-Triebel spaces as coorbits of Peetre spaces Vp qa (M. n ). The 
latter fact was observed recently by Ullrich in [93] . In the next step Fornasier and Rauhut 
[17] observed that a locally compact group structure is not needed at all to develop a 
coorbit space theory. While the theory in [17] essentially applies only to coorbit spaces 
with respect to weighted Lebesgue spaces, Rauhut and Ullrich [68] extended this abstract 



(see [24, Definition 1.1.1(b)]), where 




l/r 



for all x&R n . 
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theory in order to treat a wider variety of coorbit spaces. The main motivation was to 
cover inhomogeneous Besov-Lizorkin-Triebel spaces and generalizations thereof. Indeed, 
the Besov-Lizorkin-Triebel type spaces appear as coorbits of Peetre type spaces Vp£ a (^ n ); 
see [68]. 

All the aforementioned theories are either not complete or in some situations too re- 
strictive. Indeed, the boundedness of maximal operators of Hardy-Littlewood type or the 
related vector-valued maximal functions is always required and, moreover, the Plancherel- 
Polya-Nikolskij inequality (see Lemma 1.1 below) and the Fefferman-Stein vector- valued 
inequality had been a key tool in order to develop a theory of function spaces of Besov 
and Triebel-Lizorkin type. 

Despite the fact that the generalized coorbit space theory [68] so far only works for 
Banach spaces we mainly borrow techniques from there and combine them with recent 
ideas from the theory of Besov-type and Triebel-Lizorkin-type spaces (see [80, 82, 89, 98, 
99, 100, 104]) to build up our theory for quasi-normed spaces in the present paper. In 
order to be applicable also in microlocal analysis, we even introduce these spaces directly 
in the weighted versions. The key idea, used in this new framework, is some delicate 
application of the sequence of the Peetre maximal functions 



(i+ f yl) : (i.i) 

(l + 23\y\) a J 



for all / G 5"(IR n ), where $ and ip are, respectively, as in (1.2) and (1.3) below, and 
fj(-) = 2 jn (p(2 J ■) for all j G N. Instead of the pure convolution cpj * f involved in the 
definitions of the classical Besov and Triebel-Lizorkin spaces, we make use of the Peetre 
maximal function (ipjf) a already in the definitions of the spaces considered in the present 
paper. The second main feature, what concerns generality, is the fundamental space C(W l ) 
involved in the definition (instead of L p (M n )). This space is given in Section 2 via a list of 
fundamental assumptions (CI) through (C6). The key assumption is (£6), which originates 
in [68] (see (2.2) below). The most important advantage of the Peetre maximal function in 
this framework is the fact that (<^/) a can be- pointwise controlled by a linear combination 
of some other Peetre maximal functions {ip%f) a -, whereas in the classical setting, <pj * f 
can only be dominated by a linear combination of the Hardy-Littlewood maximal function 
M(\tpk * /[) of ipk * f (see (1.4) below). This simple fact illustrates quite well that the 
boundedness of M on £(R n ) is not required in the present setting. It represents the key 
advantage of our theory since, according to Example 1.2 and Section 11, we are now able 
to deal with a greater variety of spaces. However, we do not define abstract coorbit spaces 
here. Compared with the results in [68], the approach in the present paper admits the 
following additional features: 

• Extension of the decomposition results to quasi-normed spaces (Section 4); 

• Sharpening the conditions on admissible atoms, molecules, and wavelets (Section 4); 

• Intrinsic characterization for the respective spaces on domains (Section 5); 
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• Boundedness of pseudo-differential operators acting between two spaces (Section 6); 

• Direct Characterizations via differences and oscillations (Section 8). 

Let us describe the organization of the present paper. In Section 2, we describe the new 
setting we propose, which consists of a list of assumptions (CI) through (£6) on the 
fundamental space £(R n ). Also several important consequences and further inequalities 
are provided. 

In Section 3, based on C(W l ), we introduce two sorts of generalized Besov-type and 
Triebel-Lizorkin-type spaces, respectively (see Definition 3.1 below). We justify these 
definitions by proving some properties, such as completeness (without assuming £(R n ) 
being complete!), the Schwartz space 5(M n ) being contained, and the embedding into the 
distributions 5'(]R n ). An analogous statement holds true with the classical 2-microlocal 
space Bf la (M. n ) as test functions and its dual, the space B^^o^W 1 ), as distributions, 
which is an important observation for the characterization with wavelets in Section 4. 
Therefore, the latter spaces which have been studied intensively by Kempka [34, 35], 
appear naturally in our context. 

In Section 4, we establish atomic and molecular decomposition characterizations (see 
Theorem 4.5 below), which are further used in Section 6 to obtain the boundedness of 
some pseudo-differential operators from the Hormander class Sj ) jAt (IR n ), with \i € [0, 1) (see 
Theorems 6.6 and 6.11 below). In addition, characterizations using biorthogonal wavelet 
bases are given (see Theorem 4.12 below). Appropriate wavelets (analysis and synthesis) 
must be sufficiently smooth, fast decaying and provide enough vanishing moments. The 
precise conditions on these three issues are provided in Subsection 4.4 and allow for the 
selection of particular biorthogonal wavelet bases according to the well-known construction 
by Cohen, Daubechies and Feauveau [6]. Characterizations via orthogonal wavelets are 
contained in this setting. 

Section 5 considers pointwise multipliers and the restriction of our function spaces 
to Lipschitz domains ft and provides characterizations from inside the domain (avoiding 
extensions). 

Section 6 considers Fourier multipliers and pseudo-differential operators, which supports 
that our new framework works. 

In Section 7, we obtain a sufficient condition for which the function spaces consist of 
continuous functions (see Theorem 7.1 below). This is a preparatory step for Section 8, 
where we deal with differences and oscillations. Another issue of Section 7 is a further 
interesting application of the atomic decomposition result from Theorem 4.5. Under cer- 
tain conditions on the involved scalar parameters (by still using a general fundamental 
space £(M n )), our spaces degenerate to the well-known classical 2-microlocal Besov spaces 



In Section 8, we obtain a direct characterization in terms of differences and oscillations 
of these generalized Besov-type and Triebel-Lizorkin-type spaces (see Theorems 8.2 and 8.6 
below). Also, under some mild condition, C(M n ) is shown to fall under our new framework 
(see Theorem 9.6 below). 

The Peetre maximal construction in the present paper makes it necessary to deal with 
a further parameter a £ (0, oo) in the definition of the function spaces. However, this 
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new parameter a does not seem to play a significant role in generic setting, although we 
do have an example showing that the space may depend upon a (see Example 3.4). We 
present several sufficient conditions in Section 9 which allow to remove the parameter a 
from the function spaces (see Assumption 8.1 below). 

Homogeneous counterparts of the above are available and we describe them in Section 
10. Finally, in Section 11 we present some well-known function spaces as examples of our 
abstract results and compare them with earlier contributions. We reexamine and polish 
some existing theories for these known function spaces. 

Next we clarify some conventions on the notation and review some basic definitions. 
In what follows, as usual, we use 5(IR n ) to denote the classical topological vector space of 
all Schwartz functions on M n and 5'(M n ) its topological dual space endowed with weak-* 
topology. For any ip £ 5(IR n ), we use (p to denote its Fourier transform, namely, for 
all £ G M. n , £>(£) := f Rn e~ l ^ x (p(x) dx. We denote dyadic dilations of a given function 
cp £ 5(IR n ) by (fij(x) := 2 :,n (p(2 :J x) for all j £ Z and x £ M n . Throughout the whole paper 
we permanently use a system (&,<p) of Schwartz functions satisfying 

supp 8 C {£ G R n : |f | < 2} and |8(f)| > C > if |f | < 5/3 (1.2) 

and 

supp (p C {£ G E" : 1/2 < |f| < 2} and \(p{£)\ > C > if 3/5 < |f| < 5/3. (1.3) 

The space L \ oc (W 1 ) denotes the set of all locally integrable functions on W 1 , the space 
Ll (M n ) for any rj G (0, oo) the set of all measurable functions on M n such that l/l* 7 G 
L\ oc (R n ), and the space L c ^ ic (IR n ) the set of all locally essentially bounded functions on 
W 1 . We also let M denote the Hardy-Littlewood maximal operator defined by setting, for 
& l\feL\ oc (R n ), 

Mf(x) = M(f)(x) := sup \ [ \f(z)\dz for all x G M n . (1.4) 

r>0 r J\z-x\<r 

One of the main tools in the classical theory of function spaces is the boundedness of 
the Hardy-Littlewood maximal operator M on a space of functions, say L p (M n ) or its 
vector- valued extension L p (£ q ), in connection with the Plancherel-Polya-Nikolskij inequal- 
ity connecting the Peetre maximal function and the Hardy-Littlewood maximal operator. 

Lemma 1.1 ([90, p. 16]). Let rj £ (0, 1], R G (0, oo) and f G S'(R n ) be such that supp / C 
Q(0, R) := {x G W l : |x| < R}. Then there exists a positive constant c v such that, for all 

x G R n , 

y& R" (i + R\y\) M 

The following examples show situations when the boundedness of M can be achieved and 
when we can not expect it. 

Example 1.2. i) Let p G (l,oo). It is known that the Hardy-Littlewood operator M is 
not bounded on the weighted Lebesgue space L p (w) unless w G A p (W l ), where Ap(M. n ) 
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is the class of Muckenhoupt weights (see, for example, [19, 88] for their definitions and 
properties) such that 



A p (w) := sup 



w\L w{x)di 



i 



— / [ w (x)]-V(p-D dx 



p-i 



< oo. 



Also observe that there exists a positive constant C PtQ such that 

q/p 



1 1/p 




oo 


q/p "j 


| < c P , q < 


/ 




w(x) dx 











l/p 



holds true for any q G (1, oo] if and only if w G A p (M n ). There do exist doubling weights 
which do not belong to the Muckenhoupt class ^4oo(IR n ) (see [14]). 

ii) There exists a function space such that even the operator M r ^\ is difficult to control. 

1+X»™ IT, 



For example, if C(M. n ) := L 
1" such that 



which is the set of all measurable functions / on 



inf < A > : 



1/0*01 



dx + 



dx < 1 > < oo, 



where 



{x = (x\, • • • , x n ) G W 1 : x n 6 (0, oo)}, then it is somehow well known that 



the maximal operator M r ^\ is not bounded on L 1+Xr + (W 1 ) (see Lemma 11.11 below). 

Throughout the whole paper, we denote by C a positive constant which is independent of 
the main parameters, but it may vary from line to line, while C(a, /3, • • • ) denotes a positive 
constant depending on the parameters a, /3, • • • . The symbols A < B and A < a a ... B 
mean, respectively, that A < CB and A < C(a, /?,-•• )B. If A < B and B < A, then 
we write A ~ B. If E is a subset of W 1 , we denote by xe its characteristic function. In 
what follows, for all a, b G M, let a V 6 := max{a, 6} and a f\b := min{a, b}. Also, we 
let Z + := {0, 1,2 - • • }. The notation \_x\, for any a; G R, means the maximal integer not 
larger than x. The following is our convention for dyadic cubes: For j G Z and /c € Z™, 
denote by Q jfc the dyadic ctioe 2^'([0, l) n + k). Let Q(M n ) := {Q jfc : j e Z, fee Z n }, 

Qj(M n ) := {Q G Q(M n ) : £(Q) = 2~'}. 

For any Q € Q(M n ), we let jq be — log 2 ^(Q), ^(Q) its side length, xq its lower left-corner 
2~ 3 k and cq its center. When the dyadic cube Q appears as an index, such as ^QeQ(M") 
and {-}(3eQ(Rn), it is understood that Q runs over all dyadic cubes in M n . For any cube 
Q and k 6 (0,oo), we denote by kQ the cube with the same center as Q but k times the 
sidelength of Q. Also, we write 

n 

||5|| i: =^V (1.5) 
; Z r ;. For a := (<7i, ■ ■ ■ ,a n ) G Zl, d a : = 



for a multiindex a 

( S )<n ...( 9 y n _ 

\ oti / v ax n > 



(a 1 , a 2 , 



, a 
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2 Fundamental settings and inequalities 

2.1 Basic assumptions 

First of all, we assume that £(R n ) is a quasi-normed space of functions on R n . Following 
[3, p. 3], we denote by M (W l ) the topological vector space of all measurable complex- 
valued almost everywhere finite functions modulo null functions (namely, any two functions 
coinciding almost everywhere is identified), topologized by 

PeU) ■= / min{l, \f(x)\}dx, 
Je 

where E is any subset of W 1 with finite Lebesgue measure. It is easy to show that this 
topology of Mo(M n ) is equivalent to the topology of convergence in measure on sets of 
finite measure, which makes Mo(R n ) to become a metrizable topological vector space (see 
[3, p. 30]). 

First, we consider : M (R n ) — > [0, oo] satisfying the following 

fundamental conditions: 

(£1) An element / G Mo(M n ) satisfies ||/||£(r™) = if and only if / = 0. (Positivity) 

(£2) Let / G M (R n ) and a G C. Then \\af\\ c{Rn) = \a\\\f\\ c{Rn) . (Homogeneity) 

(£3) The norm || • ||£(r«) satisfies the 6>-triangle inequality. That is, there exists a positive 
constant 6 = 6(C(R n )) G (0, 1] such that 

11/ + S'll^R") < l|/ll£(R») + IMI^R") 

for all f,g G M (R n ). (The 6>-triangle inequality) 

(£4) If a pair (/,<?) G Af (M n ) x M (R n ) satisfies \g\ < \f\, then \\g\\ cm < \\f\\ £m . 
(The lattice property) 

(£5) Suppose that {fj}JL x is a sequence of functions satisfying 

sup H/jll/YR") < oo, < /i < / 2 < ■■■ < fj < ... ■ 

Then the limit / := lim^oo fj belongs to £(M n ) and ||/||£( K n) < sup ieN \\fj\\c(Ki") 
holds true. (The Fatou property) 

Given the mapping || • ||£(Rn) satisfying (£1) through (£5), the space £(M n ) is defined by 

C(R n ) := {/ G A/ (M n ) : \\f\\ C {R») < oo}. 

Remark 2.1. We point out that the assumptions (£1), (£2) and (£3) can be replaced by 
the following assumption: 

C(W l ) is a quasi-normed linear space of functions. Indeed, if (£(M n ), || • ||£(r«)) is a 
quasi-normed linear space of function, by the Aoki-Rolewicz theorem (see [2, 69]), there 
exists an equivalent quasi-norm ||| • ||| and 9 G (0, 1] such that, for all /, g G £(M n ), 

II ' ll£(M") ~ III ' III; ( 2 -l) 
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ff+9f°<m o + M- 

Thus, (£(IR n ), I • I) satisfies (CI), (£2) and (£3). Since all results are invariant on equiv- 
alent quasi-norms, by (2.1), we know that all results are still true for the quasi-norm 



Motivated by [68, 93], we also assume that £(M n ) enjoys the following property. 
(£6) The (1 + | • \)' N ° belongs to £(M n ) for some N G (0, oo) and the estimate 

WXQjJcm = 11X2-^+2-^0,1)" IU(R») > 2^ 7 (1 + \k\)- 5 , 3 € Z+, k G Z" (2.2) 

holds true for some 7, S G [0, 00), where the implicit positive constant is independent 
of j and k. (The non-degenerate condition) 

We point out that (£6) is a key assumption, which makes our definitions of quasi- 
normed spaces a little different from that in [3]. This condition has been used by Rauhut 
and Ullrich [68, Definition 4.4] in order to define coorbits of Peetre type spaces in a 
reasonable way. Indeed, in [3], it is necessary to assume that xe G £(M n ) if E is a 
measurable set of finite measure. 

Moreover, from (£4) and (£5), we deduce the following Fatou property of £(M n ). 

Proposition 2.2. If £(R n ) satisfies (£4) and (£5), then, for all sequences {/ m }m6N °f 
non-negative functions ofC(R n ), 



lim inf /„ 



< lim inf ||/ m ||£CR»V 
£(R") m->oo v ' 



Proof. Without loss of generality, we may assume that liminf m _ 5 . 00 ||/ m ||/:(R«) < 00. Recall 
that liminfm^oo/m = sup m6N inf fe > m {/ fc }. For all m € N, let g m := inf fc > m {/fc}- Then 
{5m}meM is a sequence of nonnegative functions satisfying that g± < g<i < ■ ■ ■ < g m < ■ ■ ■ . 
Moreover, by (£4), we conclude that 

SU P llffmlUfK") < hminf ||/ m ||£(R") < oo- 

Then, from this and (£5), we further deduce that liminf m _ 5 . OC) f m = sup mgN {g m } G £(M n ) 
and 

liminf f m < sup ||£?m||£(R«) < litninf ||/ m ||£(R»), 

m->oo C(R n ) mSN m->oo 

which completes the proof of Proposition 2.2. □ 

We also remark that the completeness of £(M n ) is not necessary. It is of interest to 
have completeness automatically, as Proposition 3.16 below shows. 

Let us additionally recall the following class W^j 5 Q2 of weights which was used recently 
in [68]. This class of weights has been introduced for the definition of 2-microlocal Besov- 
Triebel-Lizorkin spaces; see [34, 35]. As in Example 1.2(ii), let 

Rl +1 := {(x,x n+1 ) : x G M. n , x n+l G (0, 00)}. 

We also let R^ 1 := {(x, t) G : - log 2 t G 
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Definition 2.3. Let ai, 02, as E [0, oo). The class W^f ia2 of weights is defined as the set 
of all measurable functions w : Kg + 1 — > (0, oo) satisfying the following conditions: 

(Wl) There exists a positive constant C such that, for all x E M n and j, v E Z + with 

j > 

c -i 2 -(j-u)a lw ^ 2 -„) < w(X) 2--») < C2-<r-fi aa w(x, 2~ v ). (2.3) 



(W2) There exists a positive constant C such that, for all x, y E M n and j E 

2" J ) < Cw(y, 2~ J ) (l + 2 J > - y\) a:i . 
Given a weight w and j E Z + , we often write 

Wj(x) := w(x,2~ j ) (x E M n , j E Z + ), 



(2.4) 



(2.5) 



which is a convention used until the end of Section 9. With the convention (2.5), (2.3) 
and (2.4) can be read as 



and 



w 



(a?) < Cw j (y)(l + 2 j \x-y\ 



respectively. In what follows, for all a E K, a+ := max(a,0). 

Example 2.4. (i) The most familiar case, the classical Besov spaces B!l „(M n ) and Triebel- 
Lizorkin spaces F^ q (M n ), are realized by letting Wj = 2 JS with j E Z + and s£M. 

(ii) In general when Wj(x) with j E Z + and x E M n is independent of x, then we see 
that 03 = 0. For example, when Wj(x) = 2 JS for some s E M and all x E M n . Then 

fc 'Vx(0,-s),max(0,s)- 

(iii) Let w E W^ 1 3 Q2 and s E M. Then the weight given by 

Wj(x) := 2 js Wj (x) (x E M n , j E Z+) 



belongs to the class W/ 3 

& (ai 



s) + ,{a 2 +s) + - 



In the present paper, we consider six underlying function spaces, two of which are 
special cases of other four spaces. At first glance the definitions of £ q (C^(W n , Z+)) and 
l q (Af £™ (M n , Z + )) might be identical. However, in [82], we showed that they are different 
in general cases. In the present paper, we generalize this fact in Theorem 9.12. 

Definition 2.5. Let q E (0, oo] and r E [0, oo). Suppose w E W" 1 3 iQ2 with ai,a 2 ,a 3 E 
[0, oo). Let Wj for j E Z + be as in (2.5). 

(i) The space £ w (£ q (M. n , Z + )) is defined to be the set of all sequences G := {gj}j e z+ of 
measurable functions on M n such that 



\G\ 



C w (£ q (R n 




< oo. 



(2.6) 



£(R n ) 



12 



Y. Liang, Y. Sawano, T. Ullrich, D. Yang and W. Yuan 



In analogy, the space C w (£ q (M. n , E)) is defined for a subset i?cZ. 

(ii) The space £ q (£ w (W 1 , is defined to be the set of all sequences G := {gj}jez + of 
measurable functions on M n such that 




G\\e<3(c™QBL n ,z+)) '■- \ l^W w i9j\\ mn) ) <oo. (2.7) 



In analogy, the space £ q (C w (M. n , E)) is defined for a subset E C Z. 

(iii) The space £^(£ 9 (]R n , Z + )) is defined to be the set of all sequences G := {gj}j & % + 
of measurable functions on M. n such that 

\\G\\c^(£i(R",Z + )) ■= sup T^\\{XPWj9j}jLj P vo\\c™(£i<M n &+n\3r,oa))) < oo- ( 2 - 8 ) 
PeS(R n ) Fl 

(iv) The space ££™(£ q (M. n ,Z + )) is defined to be the set of all sequences G := {gj}j^z + 
of measurable functions on M. n such that 

\\G\\scy(£i(u™,z + )) '■= sup TBw\\{xP w j9j}jLo\\c w (£'i{M. n ,z + )) < 00 • ( 2 - 9 ) 
PeQCM") Fl 

(v) The space ^(/^(R" - , Z + )) is defined to be the set of all sequences G := {gj}jez + of 
measurable functions on ~R n such that 

\\G\\i<i(£w(jg> n ,Z + )) '■= sup 7^||{xP^j5 , j}^j P voll^(£ u '(K",z + n[ip,oo))) < °o- (2.10) 
PeS(M n ) Fl 

(vi) The space £ q (N£™(W l ,Z + )) is defined to be the set of all sequences G := {gj}j^i + 
of measurable functions on W 1 such that 

(oo 1 1,q 

2^ SU P rpW If <co - ( 2 - n ) 
~nPeS(K n )V Fl / 



j=0 

When q = 00, a natural modification is made in (2.6) through (2.11). 

We also introduce the homogeneous counterparts of these spaces in Section 10. One of 
the reasons why we are led to introduce W^f Q2 is the necessity of describing the smoothness 
by using our new weighted function spaces more precisely than by using the classical Besov- 
Triebel-Lizorkin spaces. For example, in [102], Yoneda considered the following norm. In 
what follows, V(W l ) denotes the set of all polynomials on W 1 . 

Example 2.6 ([102]). The space B^f (R n ) denotes the set of all / 6 S'(R n )/V(R n ) for 
which the norm 



I^U-^CR") := SUp2 Vlil + Mlfj * / IIl°°(R") < oo- 

000c j'SZ 
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If r = 0, a G (0, oo) and Wj(x) := 2 3 \ + 1 for all x G R n and j G Z, then it can be 

shown that the space Bj^(R n ) and the space B™£ ^ a (M n ), introduced in Definition 10.3 
below, coincide with equivalent norms. This can be proved by an argument similar to that 
used in the proof of [93, Theorem 2.9] and we omit the details. An inhomogeneous variant 
of this result is also true. Moreover, we refer to Subsection 11.8 for another example of 
non-trivial weights w. This is a special case of generalized smoothness. The weight w also 
plays a role of variable smoothness. 

In the present paper, the spaces e q (£™(R n , Z+)), £ q (Af£™(R n , Z+)), £™(£ q (R n ,Z + )) 
and £Cy(t q (W l ,Z+)) play the central role, while £ q {£ w {R n , Z+)) and £ w (£ q (R n ,Z + )) are 
auxiliary spaces. 

By the monotonicity of £ q , we immediately obtain the following useful conclusions. We 
omit the details. 

Lemma 2.7. Let < q\ < q2 < oo and a\, a2, 03, t G [0, 00) and w G ^ tt2 . Then 

£ qi (£ w (R n ,Z + )) ^ 2 (£^(R n ,Z+)), 
£ u '(^ 1 (]R n ,Z + )) £™(^ 2 (R n ,Z+)), 
£^£™(R^Z + )) ^^ 2 (£™(R n ,Z+)), 

(JVjC™ (M n , Z+ ) ) ^ £ q2 (N£™ (R n , Z+ ) ) , 
£^?i(Rn Z + )) £™(£ q *(R n ,Z + )) 

and 

££^(£ qi {R n ,Z + ))^ 8£^{£ q2 (R n ,Z + )) 
in the sense of continuous embeddings. 

2.2 Inequalities 

Let us suppose that we are given a quasi- normed space £{R n ) satisfying (£1) through 
(£6). The following lemma is immediately deduced from (£4) and (£5). We omit the 
details. 

Lemma 2.8. Let q G (0, 00] and w be as in Definition 2.5. If £{R n ) is a quasi-normed 
space, then 

(i) the quasi-norms || ■\\ei(c^(R n ,z + )), II ' \\e q (Afc^(R ri ,z+)) and ||- \\e<!(c w (n n ,z + )) are mutually 
equivalent; 

(ii) the quasi-norms \\-\\c™(t<i(M»,z + )), \\-\\ec^(£i(R",z + )) and \\ ■ \\c™{ti(M.n& + )) are mutually 
equivalent. 

Based on Lemma 2.8, in what follows, we identify the spaces appearing, respectively, 
in (i) and (ii) of Lemma 2.8. 

The following fundamental estimates (2.13)-(2.16) follow from the Holder inequality 
and the condition (Wl) and (W2). However, we need to keep in mind that the condition 
(2.12) below is used throughout the present paper. 
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Lemma 2.9. Let D±, D2, ai, «2, «3, t G [0, 00) andq G (0,oo] be fixed parameters satisfying 
that 

D\ G (ai, 00), £> 2 G (nr + a 2 , 00). (2.12) 

Suppose that {g u }i/ez + is a given family of measurable functions on W 1 and w G W^ a2 . 
For all j G Z + and i£i«, Zet 



G J (x):=^2-^-^ D2 ^(x)+ 2- (u - j)Dl 9»(x). 



u=0 



u=j+l 



If C(W l ) satisfies (CI) through (£4), then the following estimates, with implicit positive 
constants independent of {g u } u£ z + , hold true: 



and 



\\{Gj}j e z+\\ei(c^(R n ,z + )) ^ \\{9v}uez+\U<i(c™(M. n ,z + ))i 
\{Gj}jez + \\e<i(jvc™{M. n ,z + )) ^ \\{9u}u&z + \\ei(jvc^(R n ,z + )), 
\\{Gj}jez + \\c^(ii(R n ,z + )) < \\{9u}uez + \\c^(ei{R",i, + )) 

\\{Gj}j(zz + \\£c^(ei(R n ,z + )) ^ \\{9v}vez+\\sc^(i9(M. n ,z + ))- 



(2.13) 
(2.14) 
(2.15) 



(2.16) 



Proof. Let us prove (2.15). The proofs of (2.13), (2.14) and (2.16) are similar and we omit 
the details. Let us write 



I(P) 



\P\ 





00 


XP 


E 




_j=jpV0 



9v 



u=Q 



1 1/9 



£(R n ) 



+ 



PI 





00 


00 


5- 


1/9 


XP 


E 










_j=?pV0 









C(R n ) 



where P is a dyadic cube chosen arbitrarily. If j,v G Z + and 1/ > j, then by (2.3), we 
know that, for all x G W 1 , 



(x) < 2- ai U-") Wv ( x ). 



(2.17) 



If j, v G Z + and j > v, then by (2.3), we see that, for all x G M n , 

u>iO«0 £ 2 a ^-^w v {x). (2.18) 
If we combine (2.17) and (2.18), then we conclude that, for all x G W 1 and j, v G Z+, 



< 



V^'-^^x), z/>j; 
2 a2 (j- iy )«; I ,(x), ^ < j. 



(2.19) 



We need to show that 
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with the implicit positive constant independent of P and {g u }uez + m view of the definitions 
of {Gj} jeZ+ and \\{Gj} j£ z + \\c^(ei{R n ,z + ))- 

Let us suppose q 6 (0, 1] for the moment. Then we deduce, from (2.19) and (£4), that 



+ 



XP 



oo ] 



£ Y,2-V- v X D *-°»'*\w v g v \* 



i=ipV0 v=o 



1 



XP 



oo oo 



£(R n ) 
1/9 



E E 



j=j P V0 v=j+l 

by the inequality that, for all r G (0, 1] and {dj}j C C, 



£(t") 



(2.20) 



Ew ^Em'- 



(2.21) 



In (2.20), we change the order of the summations in its right-hand side to obtain 



+ 



XP 



oo oo 



;/=0 j=uVj P V0 



1/9 



PI 



oo ^ 



f=jpV0j=j P V0 



1/9 



£(R n ) 



Now we decompose the summations with respect to v according to v > jp V0 or v < jpVO. 
Since Z?2 € («2 + ^t, oo), we can choose e £ (0, oo) such that Z?2 £ («2 + it + e, oo). From 
this, Z?i € (ai,oo), the Holder inequality, (£2) and (£4), it follows that 

K P ) < l|{fl'i'}i'6Z+ll£5?(^(]R»,Z + )) 

1 



+■ 



P| 



XP 



jpVO oo 

E E 2 _(j_i/)(D2 " Q2)9 



WvQv 



< 



+- 



2-(ji»V0)(D 2 -a 2 -e) 



P 



jpVO 

Xp 2 u(D 2 -a 2 -e) 
u=0 



w u g u 



(2.22) 



l ) 



We write 2 JpV0 ^P for the 2 JpV0 " times expansion of P as our conventions at the end of 
Section 1. If we use the assumption (£3), we see that 



I(P) ~ \\{av}u&Z + \\c^{ei{M. n ,Z + )) 
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+- rpTr ^|| 2 ^— ) 

^ \\{gv}v&Z+\\cy(£i(M. n ,Z + )) 



jpVO 

+ 2 ~(j P S/0)(D 2 -a 2 -e) J y 
u=0 



<2y{Di— OL2— m— e)+nr(jpV0) 
|2(jpV0)-^p|r 



|X2(ip v0 )- I/ p w u9u \\c(M. n ) 



Since the dyadic cube P is arbitrary, by taking the supremum of all P, the proof of the 
case that q € (0, 1] is now complete. 

When q € (1, oo], choose k E (0, oo) such that k + a± < D\ and k + nr + «2 < -^2- 
Then, by virtue of the Holder inequality, we are led to 

1 1/9 



w < 



1 







< 


XP 







oo 3 



+ 



j=j P V0 v=Q 



OO OO 

j=j P V0 u=j+l 



£(R n ) 



" 1/9 


1 




C(R n ) ) 


and -D2 are 



replaced by D\ — k and D2 — k. With D\ and Z?2> respectively, replaced by D\ — k and 
-D2 — k j the same argument as above works. This finishes the proof of Lemma 2.9. □ 

The following lemma is frequently used in the present paper, which previously appeared 
in [18, Lemmas B.l and B.2], [20, p. 466], [24, Lemmas 1.2.8 and 1.2.9], [71, Lemma 1] 
or [93, Lemma A. 3]. In the last reference the result is stated in terms of the continuous 
wavelet transform. Denote by co n the volume of the unit ball in W 1 and by C L (M. n ) the 
space of all functions having continuous derivatives up to order L. 

Lemma 2.10. Let j,u e Z + , M,N e (0, 00), and L e N U {0} satisfy v > j and N > 
M + L + n. Suppose that (f>j € C L (R n ) satisfies that, for all \\ce\\i = L, 

where A$ is a positive constant independent of j, x and Xj. Furthermore, suppose that 
another function <\> v is a measurable function satisfying that, for all < L — 1, 

Mv)y' 3 dy = and, for all x G R n , \<j> v {x)\ < B m , 

(1 + 2 v \x - x u \) n 

where the former condition is supposed to be vacuous in the case when L = 0. Then 



4>j(x)4> u (x)dx 



< 



\S\\i=L 



A s \ N-M-L 
H\ N - M - L-n 



Boj n 2J' n -(^') L (l + 2 j \ Xj - x v \Y 



M 
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3 Besov-type and Triebel-Lizorkin-type spaces 
3.1 Definitions 

Through the spaces in Definition 2.5, we introduce the following Besov-type and Triebel- 
Lizorkin-type spaces on W n . 

Definition 3.1. Let a 6 (0, oo), ai,a 2 ,a 3 ,r G [0, oo), q G (0, oo] and w G W£f a2 . 
Assume that <I>, (p G 5(IR n ) satisfy, respectively, (1.2) and (1.3) and that £(IR n ) is a quasi- 
normed space satisfying (£1) through (£4). For any / G <S'(IR n ), let {((p*f) a }jez + be as 

hl(L1) - 

(i) The inhomogeneous generalized Besov-type space Bc'Z a (K n ) is defined to be the set 
of all / G S'(M. n ) such that 



l/l 



B w r ' T ( 

L,q,a v 



£«(£™(IR™,Z + )) 



< CO. 



(ii) The inhomogeneous generalized Besov-Morrey space A/"^ T a (IR n ) is defined to be the 
set of all / G S'(R n ) such that 



II/IIaT' 



C,q,a \ 



{(tf/).} 



^(Af£™(R'\Z + )) 



< CO. 



(iii) The inhomogeneous generalized Triebel-Lizorkin-type space 'J~ a (R n ) is defined to 
be the set of all / G 5'(M n ) such that 



{(*$/)«} 



J6Z+ 



£™(£9(K™,Z+)) 



< CO. 



(iv) The inhomogeneous generalized Triebel-Lizorkin-Morrey space ^£g a (^ n ) is defined 
to be the set of all / G S'(]R n ) such that 



{(*$/)•} 



j£2 



< CO. 



The space A^ a (R n ) stands for either one of B^ a (R n ), ^ a (r), ^J a (M n ) or 
£ c'q,a( Rn )- When ^( Rn ) = £ p (^ n ) and Wj (x) := 2^ s for' x G M n and 'j G Z+, write 

^, a (R B ) := A^fR"). (3.1) 

In what follows, if r = 0, we omit r in the notation of the spaces introduced by Definition 
3.1. 

Remark 3.2. Let us review what parameters function spaces carry with. 

i) The function space £(M n ) is equipped with 6,Nq,j,5 satisfying 

5 6(0,1], iV G(0,co), 7 G[0,co), 5g[0,oo). (3.2) 

ii) The class W^ a2 of weights is equipped with 01,02,03 satisfying 

oi, o 2 , a 3 G [0, 00). (3.3) 
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iii) In general function spaces A^' qa (R n ), the indices r,q and a satisfy 

r G [0, oo), q £ (0, oo] , a G {N + a 3 , oo), (3.4) 

where in (3.27) below we need to assume a G (Nq + «3,oo) in order to guarantee that 
5(IR n ) is contained in the function spaces. 

In the following, we content ourselves with considering the case when C(R n ) = L p (R n ) 
as an example, which still enables us to see why we introduce these function spaces in this 
way. Further examples are given in Section 11. 

Example 3.3. Let q G (0, oo], s G R and r G [0, oo). In [98, 99], the Besov-type space 
BplgiW 1 ) with p G (0, oo] and the Triebel-Lizorkin-type space Fp£(R n ) with p G (0, oo) 
were, respectively, defined to be the set of all / G 5'(M n ) such that 



and 




with the usual modifications made when p = oo or q = oo. Here <po is understood as <I>. 
Then, we have shown in [45] that BpjJ ja (M n ) coincides with Bp^(M. n ) as long as a G (^, oo). 
Likewise Fp^ a (R n ) coincides with Fp'q(K n ) as long as a € ( m in(p g) > ° )' Notice that 
J3^;°,o(K n ) and Fp%° a (IR n ) are isomorphic to B° q (R n ) and F^ q (R n ) respectively by virtue 
of the Plancherel-Polya-Nikolskij inequality (Lemma 1.1) and the Fefferman-Stein vector- 
valued inequality (see [15, 19, 20, 88]). This fact is generalized to our current setting. The 
atomic decomposition of these spaces can be found in [82, 103]. Needless to say, in this 
setting, £(R n ) = LP(R n ) satisfies (£1) through (£6). 

Observe that the function spaces (R n ), F^ a (R n ), M^ a (R n ) and (W 1 ) 

depend upon a £ (0, oo), as the following example shows. 

Example 3.4. Let m £ N, b G (0,oo), f m (t) := [ 2sin ( 2 ~ 2m6f ) p f or a u t G ^ anc j £(r) = 
L P (M) with p € (0, oo]. If r, a, (? and w are as in Definition 3.1 with w(x, 1) independent 
of x G M, then / m £ B££ (R) U f££ (R) U jS/££ (R) U f£J a (R) if and only if 

pmin(a, m) > 1, 

and, in this case, we have f m € (R) n F^ a (R) f] N^^ a (R) n ££J a (R). To see this, 

notice that, for all t £ ffi, 
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which implies that 



m times 



Jm : ~ X[-2- mb ,2- rnb ] * • • • * X{-2- mb ,2~ mb ] 

and that supp f m C [—m2~ mh ,m2~ mh \. Choose 6 G (0, oo) large enough such that 



-m2 



-mb 



m2- mb ) C [-1/2,1/2]. 



Let Q,ip G 5(R) satisfy (1.2) and (1.3), and assume additionally that 



Xb(o,i) < $ < Xb(o,2) and SU PP £ C U G M : - < |£| < 2 



Then, by the size of the frequency support, we see that & * f m = fm and that ipj * f m = 
for all j € N. Therefore, for all x G M, 

($7m)a(z) = SUp l ^ Sm | (2 ]r/ 1 X+ l ! l w |m ~™ U + | and (^fm)a(x) = 0, 



2e | \x + z\ m (l + \z\) a 



which implies the claim. Here, 
depending on m. 



denotes the implicit positive equivalent constants 



For the time being, we are oriented to justifying Definition 3.1. That is, we show that 
the spaces Ap^^W 1 ) are independent of the choices of $ and (p by proving the following 
Theorem 3.5, which covers the local means as well. Notice that a special case Ap^ a (M n ) 
of these results was dealt with in [100, 104]. 

Theorem 3.5. Let a, ai, 02, 03, r, q, w and C(M n ) be as in Definition 3.1. Let L G Z + be 
such that 

L + 1 > ai V (a + nr + a 2 ). (3.5) 
Assume that ^ , ip G 5(IR n ) satisfies that, for all a with ||a||i < L and some e G (0, 00), 

$(6 / 0i/ |e| < 2e, <9>(0) = 0, and ^ */ | < |£| < 2e. (3.6) 

Let iftj(-) := 2 : > n ip(2 J ' ■) for all j G N and {(i/jj f) a }jez + be as in (1.1) with $ and 93 replaced, 
respectively, by and ib. Then 



l/ll 



l/ll^ a (IR«) ~ {(V' J */)a} J 



{W$/)a} 



j£2 



and 



T' r ( 



{(^/).} ie 



£<?(£™(R r \Z + )) 
£9(A^£™(M",Z + )) 
£™(^(R n ,Z + )) 

££»(^9(K n ,Z + )) 



(3.7) 
(3.8) 
(3.9) 

(3.10) 



with equivalent positive constants independent of f . 
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Proof. To show Theorem 3.5, we only need to prove that, for all / G <S'(IR n ) and x 6 M n , 

00 

{^f)a(x)<{^fUx) + Y,^ U{L+1 ~ a) ^uf^) (3-11) 



and that 



W)a{x) <2^'( L+1 - a )(cI»V)a(x) + ^2-l^l( i+1 ) + ^^^ v0 ](^/) a (x). (3.12) 



Once we prove (3.11) and (3.12), then we are in the position of applying Lemma 2.9 to 
conclude (3.7) through (3.10). 

We now establish (3.12). The proof of (3.11) is easier and we omit the details. For 
a non-negative integer L as in (3.5), by [72, Theorem 1.6], we know that there exist 
¥+, ift G S{W l ) such that, for all /3 with \/3\ < L, 

/ ^(x)x /3 dx = (3.13) 

and that 

oo 

+ J2^t*fu = S (3.14) 

in S'(M. n ), where t/>£(-) := 2^ n ^(2^-) for v 6 N and 5q is the dirac distribution at origin. 
We decompose i^j along (3.14) into 

oo 

tpj = ipj * ^ * $ + * i>t * w • 

From (3.6) and (3.13), together with Lemma 2.10, we infer that, for all j G and y G M n , 

I V-7 * ^Hy)\ ^ 7 , rr TTT and I*/?, * l/)T(«)| < . ~ , ,. -r- ■ (3.15) 

By (3.15), we further see that, for all j G Z + and x G M n , 

\ipj*f(x + z)\ 
z6R P n (1 + 2J>|)« 

< 2 -, (i+1 -., ($ . /WI) + g 2 - b -„l (i+1 , M/WI) £ 2 1+2 a+2J£ * 

<2-i( i +'-)(**/),,w+f;2- b -'' l(I+ " + " ie -''' v01 (*';/).w / rrxSrnbi 

~j ii" u + ^ 

oo 

„ 2^( i+1 -)(^/)a(x) + ^2"^H(^i)^0-)vo] ( ^ /)a(x); 

1^=1 

which completes the proof of (3.12) and hence Theorem 3.5. □ 
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Notice that the moment condition on *I> in Theorem 3.5 is not necessary due to (3.6). 
Moreover, in view of the calculation presented in the proof of Theorem 3.5, we also have 
the following assertion. 

Corollary 3.6. Under the notation of Theorem 3.5, for some N G N and all x G W 1 , let 



9Jt/(s,2-') := < 

where the supremum is taken over all ijj and ^ in S(M n ) satisfying 



sup|^'*/(x)|, j'GN; 
sup|#*/(x)|, j = 0, 



y sup (i + 2 

\a\<N 


\) N \d a ^(x)\+ V sup( 

\a\<N xmn 


1 + 1x1)^1^^(^)1 < 1 


(3.6). Then, if N 


is large enough, for all f G S'(M n ), 


ll/llsr ( 


R n ) ~ 


W-,2-')} ieZf 


W(£™(M™,Z + )) ' 




M") ~ 


{£W/(-,2-0} ieZf 


^(Af£»(R",Z + )) ' 


L,q,a \ 


R«) ~ 


{W(-,2^)}. £Z+ 


£™(^9(K n ,Z + )) 


\\f\\s™- T 

L,q,a 


(K«) ~ 


{W(-,2^)}. 6Z+ 


££™(^(R n ,Z+)) 



and 



with implicit positive constants independent of f . 

Another corollary is the characterization of these spaces via local means. Recall that 
A := Y^j=i denotes the Laplacian. 

Corollary 3.7. Let a,ax,ai2,ct3,T,q, w and C(M. n ) be as in Definition 3.1. Assume that 
^ G C^°(R n ) satisfies Xb(o,i) < * < Xb(o,2)- Assume, in addition, that tp = A e ° +1 $> for 
some £o G N such that 

2£ + 1 > ai V (a + nr + a 2 ). 

Let ipj(-) := 2 : > n ip(2 J : -) for all j G N and {(ipj f) a }j&z + be as in (1.1) with $ and ip replaced, 
respectively, by ^ and ip. Then, for all f G <S'(M n ), 



Wf)a} jez+ 
Wf)a} jez+ 



and 



mf)a} 



3& 



^(Af£™(R n ,Z+)) ! 

cy{e<i (R n ,z+)) 



with equivalent positive constants independent of f . 
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3.2 Fundamental properties 

With the fundamental theorem on our function spaces stated and proven as above, we 
now take up some inclusion relations. The following lemma is immediately deduced from 
Lemma 2.7 and Definition 3.1. 

Lemma 3.8. Let ai,ct2,ct3,T G [0, oo), q,q\,q% G (0, oo], qi < q2 and w G W^ a2 . Let 
C(R n ) be a quasi-normed space satisfying (CI) through (£4). Then 

£r' T (R n ) ^ £r' T (R n ) 

and 

BZ,a( Rn )> K'lai^), FZa( Rn )> ^ ^,(R») (3.16) 

in the sense of continuous embedding. 

Remark 3.9. (i) It is well known that F° q (R n ) ^ B s p max(p q) (R n ) <-> B^R 71 ) (see, for 
example, [90]). However, as an example in [73] shows, with q G (0, oo] fixed, (3.16) is 
optimal in the sense that the continuous embedding F^' qa (W l ) J\T£ ^ a {W n ) holds true 
for all admissible a,w,T and C(M n ) if and only if r = oo. 

(ii) Prom the definitions of the spaces A^ a (M n ), we deduce that 

Indeed, for example, the proof of ^c'J a (^ n ) ^ ^£ oo a(^") * s as foh° ws: 

ll/|IC' T (R») = SUp T^\\{X{j P ,oo){j)XPWj(<f*f)a}f=o\\c™(£<i(R",Z + )) 

L ' q ' a PeQ(R n ) \ r \ 

> sup Sup t— \\XPWj(<p*-f)a\\c(Rn) = \\f\\ B ^ T ««)• 
PeQ(R")j>j P \P\ c ' x ' a 

Now we are going to discuss the lifting property of the function spaces, which also 
justifies our new framework of function spaces. Recall that, for all / G iS'(IR n ) and £ G M n , 
we let ((1 - A) s / 2 /H£) := (1 + |£| 2 ) s / 2 /(£) for all £ G R n . 

Theorem 3.10. Let a, a%, 02, 03, r, q, w and £(M n ) be as in Definition 3.1 and s€R. 
For all x G W l and j G Z+, let 

w {s) (x,2- j ) := 2- js Wj (x). 
Then the lift operator (1 - A) 5 / 2 is bounded from A^ a (M n ) to A^^(R n ). 
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For the proof of Theorem 3.10, the following lemma is important. Once we prove this 
lemma, Theorem 3.10 is obtained by virtue of Lemma 3.11 and (Wl). 

Lemma 3.11. Let a G (0,oo), set and ip G S(R n ) be such that 

oo 

supp $ C G M n : |f | < 2}, supp (p C {£ G M n : 1/2 < |f | < 2} and $ + ^ = 1, 

i=l 

where (fj(-) '■= 2 ]n (p(2 3 -) for each j G N. Then, there exists a positive constant C such 
that, for all f G S'(W n ) and x G M n , 

($*((! _ A) s / 2 /))a(x) < C Wf) a {x) + (rif)a(x)} , (3.17) 

- A)^ 2 /))a(x) < C [(<&*/)«(*) + (^/)a(x) + (^f)a(x)} , (3.18) 

and 

(^((i - Ay/ 2 f)) a ( x ) < cy s (<p*f) a (x) (3.i9) 

for all j > 2. 

Proof. The proofs of (3.17) and (3.18) being simpler, let us prove (3.19). In view of the 
size of supports, we see that, for all j > 2 and x G M n , 



-A)'/V)) a (s) 



i^*[(i-Ar/ 2 /](x+z)i 



sup 

ze in (l + 2J|z|)« 

1(1 - A) fl / 2 (y?j_i + y?j + y j+ i) * y?j * /(g + z)\ 
(1 + 2J>|)« 

1 



sup ., ,. 

ze £n (l + 2J|z|) c 



(1 - A) s/2 (v9j„i + tpj + tp j+1 )(y)tpj * f(x + z- y)dy 



Now let us show that, for all j > 2 and y G M n , 

|(1 - A)V 2 (^._ 1 + ^ + w )(y)| < (1 + 2JM)a+ra+1 . (3.20) 

Once we prove (3.20), by inserting (3.20) to the above equality we conclude the proof of 
(3.19). 

To this end, we observe that, for all j > 2 and y G W 1 , 

(1 - A) s / 2 ^ £ ^ (y) = ((1 + |e| 2 ) s/2 [?(2^' +1 + £(2-'e) + ^(2"^ 1 e)]) V (y). 

Since, for all multiindices a, j > 2 and f G R n , a pointwise estimate 

a a ((1 + |£ | 2 )*/ 2 [£(2^' +1 £) + £(2"'£) + ^(2-^ 1 e)]) < 2^NI^(1 + 2^'|e|)- n - 1 



holds true, (3.20) follows from the definition of the Fourier transform, which completes 
the proof of Lemma 3.11. □ 
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The next Theorem 3.14 is mainly a consequence of the assumptions (£1) through (£4) 
and (£6). To show it, we need to introduce a new class of weights, which are used later 
again. 

Definition 3.12. Let ai, 02,03 G [0, 00). The class * — W^* a2 of weights is defined as 
the set of all measurable functions w : R% i+ — ^ (0, 00) satisfying (Wl*) and (W2), where 
(W2) is defined as in Definition 2.3 and 

(Wl*) there exists a positive constant C such that, for all x G R n and j, v G Z + with 
j > v, C- 1 2^- U ^w{x,2- U ) < w(x,2~ j ) < C2- { y-^w{x,2- v ). 

It is easy to see that * - W^, a2 £ >V£? iQa . 

Example 3.13. If s € [0, 00) and Wj(x) := 2 JS for all x G R n and j G Z+, then it is easy 
to see u> G * — s . 

With the terminology for the proof is fixed, we state and prove the following theorem. 

Theorem 3.14. Let a, ai, 02, 03, r and q be as in Definition 3.1. If w G * — W" 3 Q2 and 
C(R n ) satisfies (CI) through (£4) and (£6), then A^ >a (SL n ) S'(R n ) in the sense of 
continuous embedding. 

Proof. Let <£, tp G <S(M n ) be as in Lemma 3.11. Then 

00 

3=1 

We first assume that (Wl*) holds true with 

a x - N + n - 7 + nr > and N > 5 + n (3.22) 

for some N G (0, 00). 

For any / G A%T a (R n ), by the definition, we see that, for all Q G Q{R n ) with j Q G N, 



\Q\ T 



< 



C(R n ) 



Consequently, from (Wl*), we deduce that 



XQ-w(-,l)(cp* jQ f) a 



< 2~-J«( ai+nT ) 



4c:;,a(* n )- 



(3.23) 



Now let £ G 5(IR n ) be an arbitrary test function and define 

p(0 := sup(l + |x|) Q3+JV C(^)- 

Then from (3.23) and the partition {Qjk}k& n of R n , we infer that 

/ \c(x)ip 3 * f(x)\dx < P (c) J2(i + \2^k\r N ^ [ \^*f(x)\dx. 

■1^" k& n JQik 
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If we use the condition (W2) twice and the fact that j G [0, oo), then we have 
\((x)ipj * f(x)\dx 
<p(C) T t {l + \2- j k\)- N inf w(y,l) [ \^*f(x)\d X 
<p(C)J]^(l+|t|)- ff |Q 3 . t | inf {w(y,l)^*f) a (y)}. 

Now we use (3.23) and the assumption (£6) to conclude 

\((x)ipj * f(x)\dx 
<p(0 £ 2^-™+^(l + |A ; |)- JV+5 || XQjfcU ;(,l)(^/) a || /;{Rri) 

< P (C) £ 2-^-^-^)(l + |fc|)-^||/|U» ; r a(Rn) 

~ 2-^- JV+n ^ T W)ll/IU2;; a (R»)- ( 3 - 24 ) 
By replacing ipo with $ in the above argument, we see that 

|C(x)<D * f{x)\dx < p(C)||/IU«;; ia (R»)- (3-25) 

Combining (3.21), (3.24) and (3.25), we then conclude that, for all Q G S{R n ), 

oo 

I (/, C) I < I * /, 1 + E I fa *f>$\ ~ P(0 oC a») > (3-26) 

j'=i 

which implies that / G <S'(IR n ) and hence -A™'^ (K n ) S'(W n ) in the sense of continuous 
embedding. 

We still need to remove the restriction (3.22). Indeed, for any ol\ G [0, oo) and / G 
A w £ T qa {W l \ choose s G (—oo, 0) small enough such that a± — s > 7 + <5 — nr. By Theorem 

3.10, we have (1 - A) 5 / 2 / G A™ Then, defining a seminorm p by p(Q := — 

A) S / 2 C) for all C G S(R n ), by (3.26), we have 

K/,C)| = |((i-A) s / 2 /,(i-A)- s / 2 c)| 

< p((l - A)-/ 2 C)||(1 - A)*/ 2 / 1| w. < KOII/IU- .<*.,, 

C,q,a \ ' 

which completes the proof of Theorem 3.14. □ 
Remark 3.15. In the course of the proof of Theorem 3.14, the inequality 

\ Vj * f{ X )\dx < K M 2 - 3{ai+ n + n T -,) {l + y || ^ 

is proved. Here k > 1, M and the implicit positive constant are independent of j, k and At. 
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It follows from Theorem 3.14 that we have the following conclusions, whose proof is 
similar to that of [90, pp. 48-49, Theorem 2.3.3]. For the sake of convenience, we give some 
details here. 

Proposition 3.16. Let a,ai,a2,as,T and q be as in Definition 3.1. If w G * — W£f as 
andC(W l ) satisfies (CI) through (£6), then the spaces B^ a (R n ), M^JW 1 ), F%£ a (R n ) 
and <?£ ,T a (K n ) are complete. 

Proof. By similarity, we only give the proof for the space ^e'J a (R n )- Let {/;}zeN be a 
Cauchy sequence in F^'^^W 1 ). Then from Theorem 3.14, we infer that {fi}i£N is also a 
Cauchy sequence in S'(R n ). By the completeness of 5'(IR n ), there exists an / G <S'(R n ) 
such that, for all Schwartz functions (p, (f * fi — > (p * f pointwise as I — >• oo and hence 



( P*(fl~ f) = lim (f*(fi- fm) 

m— >oo 

pointwise. Therefore, for all j G Z + and x G M n , 

\W*Ui-f){x + z)\ < Hm . nf |^-*(/;-/ m )(x + z)| 

Z £l» (1 + 2J>|)« " m^oo z6 ^ n (1 + 2J>|)« 

which, together with (£4), the Fatou property of C(M n ) in Proposition 2.2, and the Fatou 
property of £ q , implies that 

limsup \\fi - f\\ F ™,r mn) < limsup ( liminf ||/, - f m \\ F ™.- (Mn) ) = 0. 

Thus, / = lim m _ 5 . 00 f m in F^'^^W 1 ), which shows that F^'^^W 1 ) is complete. This 
finishes the proof of Proposition 3.16. □ 

Assuming (£6), we can prove that 5(M n ) is embedded into A^'^ a (M. n ). 

Theorem 3.17. Let a, an, ct2, 03, t, q and w be as in Definition 3.1. Then if C(M n ) satisfies 
(CI) through (CQ) and 

a£(N + a 3 ,oo), (3.27) 
then 5(M n ) ^ A^'^ a (M. n ) in the sense of continuous embedding. 
Proof. Let / G S(M. n ). Then, for all x£R" and j G N, we have 

sup \Vj*f(x + z)\ < 1 (1 + I |)a+n+l| /( )|_ 

z ^ n (i + v\z\) a ~ (1 + M)% eK v |yu 

In view of (W2), (£6) and (3.27), we have (1 + | ■ \)~ a w(-, 1) G C(R n ). Consequently 



Wj sup 



to */(■ + *)! 



<2"» sup(l + |y|r + " +1 |/(y)l- (3-28) 

Let e be a positive constant. Set iOj(a;) := 2 _: '( 02+n ' r+,: )u;j(x) for all x G M n and j G Z+. 
The estimate (3.28) and its counterpart for j = show that <S(M Tl ) A w ^ '^(IR n ) and hence 
Theorem 3.10 shows that 5(M n ) '—t a (M n ), which completes the proof of Theorem 
3.17. □ 
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Motivated by Theorem 3.17, we postulate (3.27) on the parameter a here and below. 
In analogy with Theorem 3.10, we have the following result of boundedness of pseudo- 
differential operators of Hormander-Mikhlin type. 

Proposition 3.18. Let a,ai,ct2,ct3,T,q,w and C(W n ) be as in Definition 3.1. Assume 
that m G C£°(M n ) satisfies that, for all multiindices a, 

M 5 := sup(l + \d d m(0 1 < oo. 



Define I m f := (m/) v . Then the operator I m is bounded on A^'^ a (M. n ) and there exists K G 
N such that the operator norm is bounded by a positive constant multiple of^2^^ 1<K M$. 

Proof. Going through an argument similar to the proof of Lemma 3.11, we are led to 
(3.20) with s = and (1 — A) s / 2 replaced by I m . Except this change, the same argument 
as therein works. We omit the details. This finishes the proof of Proposition 3.18. □ 

In Chapter 5 below, we will give some further results of pseudo-differential operators. 
To conclude this section, we investigate an embedding of Sobolev type. 

Proposition 3.19. Let a,ai,a2,cts,T,q,w and C(M n ) be as in Definition 3.1. Define 

w*{x) := 2 j( - T ~^(l + \x\) 5 Wj (x) (3.29) 

for all x G R n and j G Z+. Then A^ T a (R n ) is embedded into B^^^W 1 ). 

Observe that if w G W^ aa , then w* G W^^_ t)+ ](a2+T _ 7)+ and hence 

(W ) t cV( Q2+t _ 7 ) +i ( Qi+7 _ t)+ - 

Proof of Proposition 3.19. Let P G Qj(M n ) be fixed for j G Z + . Then we see that, for all 
x, z G P, 

\<Pj *f(x + y)\ < \(Pj*f(z + (y + x-z))\ 
(l + 2i\y\) a ~ (1 + 2% + x- z\) a ' 

where, when j = 0, ipo is replaced by Consequently, by (W2), we conclude that, for all 
x G P, 

i u * t \ i \ ( \\v3 *f( u + y)\ 

Wj(x)(iPjf)a(x) = SUp SUp Wjiu) 

< ■ f i Afj*f{z + {y + u-z))\ 

< mi sup sup Wj(u) — -. -. 

~*eP ue ^ y6 i^» 3K {l + 2J\y + u-z\) a 

<r ■ f t Jfj* f(z + w)\ 

5~ mi sup sup Wj(u) — t -. — - — 

~zePuePwew> J (1 + 2^| W |)- 

< inf sup w(z,2-r) l ^ * f ^ + y a )l < M W (z,2-^f) a (z). 
zeP veR n {l + 2i\y\) a zeP J 
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Thus, 

1 |P| T 

SUp Wj[x)(ip*f) a {x) < |i \\XPWjfj * /IU(R») < |j ii \\f\\A w / T (R»)> 

x&P \\XP\\C{M. n ) \\XP\\C(M. n ) C - q ' a 

which implies the desired result and hence completes the proof of Proposition 3.19. □ 

It is also of essential importance to provide a duality result of the following type, when 
we consider the wavelet decomposition in Section 4. 

In what follows, for p,q G (0, oo], w G Wala 2 with a%, 02, 03 G [0, oo), Wj for j G Z + as 
in (2.5), the space B™ q (R n ) is defined to be the set of all / G S'(R n ) such that 

ll/lls» 9 (R") : = WiWjVj * f}j& + \\ei(LP(R",Z+)) < OO) 
where $>,ip G S(W l ), satisfy (1.2) and (1.3), (f := $ and cpj(-) := 2^ n ip(2^) for all j G N. 

Proposition 3.20. Let 01,02,03 G [0, 00) and w G VV^ a . Assume, in addition, that 
there exist <1>, cp G <S(M n ), satisfying (1.2) and (1.3), suc/i i/iai 

00 

$ * $ + <Pj * <Pj = $ i n S'{R n ). 
i=i 

Any g G B^ 00 (M n ) defines a continuous functional, L g , on Bf^iW 1 ) such that 

00 

L 9 : / G Sft" 1 (M n ) ^ ($ * 5 , d> * /) + * g, Vj * /) 6 C. 

i=i 

Proof. The proof is straightforward. Indeed, for all 5 G -B™ ^(R") and / G 1 (M n ), we 
have 

00 

\{§*g,<$>* f)\ + Y\(ipj * g,ipj *f)\< l|5llB» i00 (R")ll/ll BJ »-i (R n), 
i=i 

which completes the proof of Proposition 3.20. □ 

We remark that the spaces B™ q (M n ) were intensively studied by Kempka [34] and it 
was proved in [34, p. 134] that they are independent of the choices of <I> and tp. 



4 Atomic decompositions and wavelets 

Now we place ourselves once again in the setting of a quasi-normed space C{W n ) satisfying 
only (CI) through (£6); recall that we do not need to use the Hardy-Littlewood maximal 
operator. 
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In what follows, for a function F on M^ 1 := M. n x {2 J : j G Z + }, we define 

\F(y, 2-^)| 1 



sup 



and 



C,q,a.\ Z_j_ 



1 " t £,«,o(. K Z + J 



sup 



sup 



sup 



(1 + 2J'| ■ 


-y\Y) 


1^,2- 


01 ) 


(1 + 2i| - - 


-y|) a J 






(1 + 23'| • 


-y|) a J 


\F{y,2~ 


01 1 



je2 



J'6S 



» (l + 2J|--y|)« 



£9(£»(R»,Z + )) 



£™(£9(R",Z+)) 



££™(li (R™,Z+)) 



4.1 Atoms and molecules 



Now we are going to consider the atomic decompositions, where we use (1.5) to denote 
the length of multi-indices. 



Definition 4.1. Let K G Z + and LeZ + u{-l} 

,9 



i) Let Q G Q(M n ). A (K,L)-atom (for A s / (R n )) supported near Q is a C^(IR n )- 



function 21 satisfying 

(support condition) supp (21) C 3Q, 

(size condition) ||d S 2l||£°° < \Q\~^ h/r \ 

(moment condition if l(Q) < 1) / x^2l(x) dx = 



for all multiindices d? and /3 satisfying ||a||i < K and < L. Here the moment 

condition with L = — 1 is understood as vacant condition. 

(ii) A set {$ljk}j£Z + ,k£Z n of C (R n )-functions is called a collection of (K, L)-atoms 
(for ^4^ a (IR n )) if each 2ljfc is a (K, L)-atom supported near Qjfc. 

Definition 4.2. Let K G Z + , £ G Z+ U {-1} and N G M satisfy 

iV > L + n. 

(i) Let Q G Q(M n ). A (K, L) -molecule (for A S £ T q ^W 1 )) associated with a cube Q is a 
C^(IR n )-function SDT satisfying 



(the decay condition) |9 Q 9JT(x)| < ( 1 + 



\ x ~ cq\ 

i(Q) 



-N 



for all x G M n , 
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(the moment condition if £(Q) < 1) / y^d7t(y) dy = 

Jm. n 

for all multiindices a and j3 satisfying ||a||i < K and \\/3\\i < L. Here cq and ^(Q) denote, 
respectively, the center and the side length of Q, and the moment condition with L = — 1 
is understood as vacant condition. 

(ii) A set {9Jljk}j&z + ,k£Z n of C if (]R n )-functions is called a collection of (K, L) -molecules 
(for A a £ q a (M n )) if each VJtjk is a (K, L)-molecule associated with Qjk- 

Definition 4.3. Let ai,ot2,a3,T e [0, oo), a G (Ao + 03,00) and q G (0, oo], where Ao 
is from (£6). Suppose that u> £ VV^^ Q2 - Let A := {Ajfc}jez+,fcez n De a doubly indexed 
complex sequence. For (x,2~ J ) G , ^ 

A(x,2" J ) := ^ \ jkXQ]k {x). 

kez n 

(i) The inhomogeneous sequence space b^ T {W 1 ) is defined to be the set of all A such 
that llA||b».^( R n) := HAH^.T^n+i) < oo. 

(ii) The inhomogeneous sequence space "x'q a 0^ n ) is defined to be the set of all A such 

tllat ll / Mln™£ a (R») : = W^Wn^'I aiKX 1 ) < °°' 

(iii) The inhomogeneous sequence space f^q a (^ n ) is defined to be the set of all A such 
that A f*v (mn\ ■= \\A\\j-,w,t /Trjn+iN < oo. 

" U tc,q,a\ K > " " I '£,q,a,K K k + ) 

(iv) The inhomogeneous sequence space ec'q a (M n ) is defined to be the set of all A such 

that A L™. 1 " lmn\ '.= A L«,t rm>n+l\ < oo. 

When r = 0, then r is omitted from the above notation. 

In the present paper we take up many types of atomic decompositions. To formulate 
them, it may be of use to present the following definition. 

Definition 4.4. Let X be a function space embedded into 5'(IR n ) and X a quasi-normed 
space of sequences. The pair (X, X) is called to admit the atomic decomposition, if it 
satisfies the following two conditions: 

(i) (Analysis condition) For any / £l, there exist a collection of atoms, {%ljk}j£Z + , fcez™ , 
and a complex sequence {\jk}jez+, kez n such that 

oo 

f = ^2^2 x i^jk 

j=o fcez n 

in tS'(IR n ) and that ||{Ajfc}j g z + , fcez™ 1 1 ^t* ^ \\f\\x with the implicit positive constant inde- 
pendent of /. 

(ii) (Synthesis condition) Given a collection of atoms, {%ijk}jez + , kez n , and a complex se- 
quence {Xjk}jeZ+,keZ n satisfying \\{\jk}jez+,k£Z™\\x < oo, then / := EjloSfcez™ ^jk%k 
converges in <S'(IR n ) and satisfies that ^ l|{^ifc}jez + ,fcez™ \\x with the implicit posi- 
tive constant independent of {^jk}jez+,k&z n - 

In analogy, a pair (X, X) is said to admit the molecular decomposition or the wavelet 
decomposition, where the definition of wavelets appears in Subsection 4.4 below. 
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In this section, we aim to prove the following conclusion. 

Theorem 4.5. Let K G Z + , L G Z + , aci, 012,013, t G [0, 00) and q G (0, 00]. Suppose that 
w G yVai a 2 an d that (3.27) holds true, namely, a G (TVo + 03,00). Let 5 be as in (£6). 
Assume, in addition, that 



and that 



L > as + 5 + n — 1 + 7 — nr + ai, 
iV>L + a 3 + (5 + 2n 

if + 1 > «2 + nr, L + 1 > ai. 



(4.1) 
(4.2) 

(4.3) 



TTien i/ie pair (A^ a (M n ), 0£'I a (^ n )) admits the atomic / molecular decompositions. 
4.2 Proof of Theorem 4.5 

The proof of Theorem 4.5 is made up of several lemmas. Our primary concern for the 
proof of Theorem 4.5 is the following question: 

Do the summations J2JLo Sfcez™ ^jk%k and Yl'jLo J2kez n ^jk^ljk converge in 
S'(R n )? 

Recall again that we are assuming only (£1) through (£6). 

Lemma 4.6. Let a±, «2,«3 G [0, 00) and w G W"'^. Assume, in addition, that the 
parameters K G Z + , L G Z + and N G (0, 00) in Definition 4.2 satisfy (4.1), (4.2) and 

(4.3). issame i/iat A := {\jk}jeZ+,keZ n G & £,'L,a( Mn ) and {^jfe}jeZ+,fceZ n is a family of 
(K, L) -molecules. Then the series 



f = E E A ^i* 

i=o fceZ" 



(4.4) 



converges in S'(M n ). 



Proof. Let <^ G <S(M n ). Recall again that 7 and 5 are constants appearing in the assumption 
(£6). By (4.1) and (4.2), we can choose M G (03 + 5 + n, 00) such that 



L + l- 7-ai-M + nr>0 and N > L + M + n. 
It follows, from the definition of molecules and Lemma 2.10, that 

m jk (x)ip(x) dx < 2~^ L+1 \l + 2-i\k\)~ M . 

By the assumption (£6), we conclude that 



(4.5) 



Wljk(x)(p(x) dx 



< 2^'( l+1 -t)(1 + 2" J >|)- M (1 + 



\XQ jk \\C(R n )- 



(4.6) 
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From the condition (Wl), we deduce that, for all j G Z + and x G M n , 2~ jai w(x, 1) < Wj{x) 
and, from (W2), that, for all x G W 1 , w(0, 1) < u;(x, 1)(1 + |x|) Q3 . Combining them, we 
conclude that, for all j G Z + and x G M n , 

^(0,l)<(l + |x|r2^^(x). (4.7) 

Consequently, we have 

l<(l + |fc|r2^(z) (4.8) 

for all x G Qjk with j G Z + and A; G Z n . By (4.6) and (4.8), we further see that, for all 
j G Z+ and fe G Z n , 

Ajfc / 9Jtj fc (a;)</?(x) dx 

So by (4.5), this inequality is summable over j G Z + and /c G Z n , which completes the 
proof of Lemma 4.6. □ 

In view of Lemma 3.8, Lemma 4.6 is sufficient to ensure that, for any / G A^'^ a (M n ), 
the convergence in (4.4) takes place in 5'(]R n ). Indeed, in view of Remark 3.9, without 
loss of generality, we may assume that / G Br'^ a (^ n )- Then, by Lemma 4.6, we see that 
the convergence in (4.4) takes place in 5'(M n ). 

Next, we consider the synthesis part of Theorem 4.5. 

Lemma 4.7. Let s G (0,oo), ai,Q2,a3,r G [0,co), a G (Nq + 0^3,00) and q G (0, 00]. 
Suppose that w G W„ 3 Q2 . Assume, in addition, that K G Z + and L G Z + satisfy (4.1), 
(4.2) and (4.3). Let A := {\jk}jez+,kel. n € a^ a (R n ) and 9JT := {Tl jk }jez+, fcez™ a 
collection of (K, L) -molecules. Then the series 

00 

converges in S'(M n ) and defines an element in A^' ( r CR n ). Furthermore, 
u>i£/i i/ie implicit positive constant independent of f. 

Remark 4.8. One of the differences from the classical theory of molecules is that there 
is no need to distinguish Besov-type spaces and Triebel-Lizorkin-type spaces. Set a p := 
max{0,n/p — n}. For example, recall that in [92, Theorem 13.8] we need to assume 

L > max(— 1, [a p — s\) or L > max(— 1, |niax(<r p , a q ) — sj) 

according as we consider Besov spaces or Triebel-Lizorkin spaces. However, our approach 
does not require such a distinction. This seems due to the fact that we are using the 
Peetre maximal operator. 



00 ,a \ / 
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Proof of Lemma J^.l. The convergence of / in <S'(IR n ) is a consequence of Lemma 4.6. 

Let us prove H/H^™^ < H^L™^ (R n )- To this end, we fix z G W 1 and j, I G Z + . 
us abbreviate X^fceZ" ^ik^lk to //. Then we have 

2 in-0-0(i+i)|A Zfe | 



lypj */z(ar + ^)| 
(l + 2^>|) a 



< 



sup 



J n (l + 2'|z|)«(l + 2'|ar + «-2-'A:|)W 
2 in-a-j)(^+i)| Aifc | 



sup \ — 

z6K™ I 1 



(1 + 2J>|) a (l + 2J> + z - 2~ l k\) M 



by Lemma 2.10, where M is as in (4.5). Consequently, by virtue of the inequalities 
1 + 2?\z\ < 1 + 2 max W)|zj for all and j, I G Z+, we have 



|<gj * /fc(^ + z)\ 
S (1 + 2J>|)« 



< 



£ £ 



sup 



sup 



2 to-(j-0(L+i) (1 + 2V|)- a |A ;m | X Q im (x + w) ) 
(l + 2 l \x + z -2~ l k\) M J 

2J n+0-/)(K+l) (1 + 2 l \w\)- a \X lm \ XQlm (x + W) 



(1 + 23 \x + z - 2~ l k 



IU\M 



, j>i; 
>, j<i. 



By 



fcez™ v 



v = < 

(1 + 2 l \x + z - 2- l k\) M (1 + 23\x + z- 2~ l k\) M ~ 



2 jn 



1 



™ (1 + |y| 



r/y 



and M G («3 + 5 + n, oo), we conclude that 



z£ in (l + 23\ Z \) a 



2 -(j~l)(L+l) ^ 
2 (i-0(A-+l) 

m£Z" 



sup 



3. (i + ^h) 



|A; m |xQ im (x + w) 

e£» (l + 2'H) a 
|A/m|XQ !m (^ + w) 



(4.10) 



, j < I. 



If we use (4.3) and Lemma 2.9, then we obtain the desired result, which completes the 
proof of Lemma 4.7. □ 



With these preparations in mind, let us prove Theorem 4.5. We investigate the case of 

,r 



F^' r a (IR n ), other cases being similar. 



Proof of Theorem 4-5 (Analysis part). Let L G Z + satisfying (4.1) be fixed. Let us choose 
G C c °°(M n ) such that 

supp ^, supp ip C {x = (xi,X2, ■ ■ ■ ,x n ) : max(|xi|, \x 2 \, ■ ■ ■ , \x n \) < 1} (4.11) 
and that 

(4.12) 



ijj(x)x^ dx = 
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for all multiindices j3 with ||/3||i < L and that ^ * ^ + Y%Li $3 * ^3 = ^0 in 5'(M n ), where 
ipj := 2 J ' n V(2 J '-) for all j G N. Then, for all / G F^ a (R n ), 

00 

/ = ¥*¥*/ + ( 4 -!3) 
in <S'(]R n ). With this in mind, let us set, for all j G N and k G Z n , 



Aofc := / I* * dy, X jk := # n / |^ * dy (4.14) 



and, for all x G M n , 



&ok(x):= — [ *(x-y)V*f(y)dy, % fe (x) := — / ^-(x - y)^- * f{y) dy. (4.15) 

AOfc jQ 0k Ajk jQ jk 

Here in the definition (4.15) of %jk for j G Z + and k G Z n , if Ajfc = 0, then accordingly 
we redefine Slyfc := 0. 

Observe that / := £°1 £ fe6Z n A jfc%fc in 5'(IR n ) by virtue of (4.13) and (4.15). Let us 
prove that 21-,-fc, given by (4.15), is an atom supported near Qj^ modulo a multiplicative 
constant and that A := {\jk}jeN,keZ n , given by (4.14), satisfies that 



Observe that, when Qjki then by the Peetre inequality we have 

23 n r 2 jr 



2 jn 



< 



< 



^ sup 



rt - flj .d + a'W)-(i+-W W! ' ,/(l + *-* )l * 

2jn 

— — liA-j * f0& + z — y) \ dy 

* f(x - w)\ 

(l+23\ W \) a 

Consequently, we see that 

sup J ^1 f ^ * f(y)\dy\ < sup l ^* f{x ~ z)l . (4.17) 

W £Q 3k \(l + y\x-w\r J Qjk m JWl 7 ~zeR« (l + 2^|z|)- V ' 

In view of the fact that {Qjk}kez™ is a disjoint family for each fixed j G Z + , (4.17) reads 
as 

1 

sup 



K6 £n (l+2J>|) a 



< sup (4.18) 
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In particular, when j = 0, we see that 

1 



sup 



^2 X 0kXQ 



(X + z, 



£ sup 



* f(x - z)\ 

(i + \z\) a 



(4.19) 



Consequently, from (4.18) and (4.19), we deduce the estimate (4.16). 

Meanwhile, via (4.11), a direct calculation about the size of supports yields 

supp(2lj fc ) C Qjk + supp(^j) C 3Q jk 

and that there exists a positive constant C& such that 

2i(ll«lli+") 



\d a % k {x)\ 



A 



d a ^(x-y))^*f(y)dy 



a 1li 



(4.20) 



(4.21) 



for all multiindices a as long as Xjk ^ 0. 

Keeping (4.20) and (4.21) in mind, let us show that each 21^ is an atom modulo a 
positive multiplicative constant Xj|5||i<K' C«- The support condition follows from (4.20). 
The size condition follows from (4.21). Finally, the moment condition follows from (4.12), 
which completes the proof of Theorem 4.5. □ 

4.3 The regular case 

Motivated by Remark 4.8, we are now going to consider the regular case of Theorem 4.5. 
That is, we are going to discuss the possibility of the case when L = —1 of Theorem 4.5. 
This is achieved by polishing a crude estimate (2.17). Our result is the following. 

Theorem 4.9. Let K eNU {0}, L = —1, ai,a 2 ,a 3 ,r G [0, oo) and q G (0, oo]. Suppose 
that w G * — yVai,a 2 - Assume, in addition, that (3.27) and (4.2) hold true, and that 



0> 0:3+5 + 71 + 7 — nr — ot\ 



(4.22) 



and 



a\ > nr, K + 1 > a 2 + nr. (4.23) 
Then the pair (A^'^ ^W 1 ) , a^'^ ^W 1 )) admits the atomic / molecular decompositions. 

To prove Theorem 4.9 we need to modify Lemma 2.9. 
Lemma 4.10. Let D±,D 2 , ai,a 2 ,as,T G [0, 00) and q G (0, 00] be parameters satisfying 

D\ + ct\ > and D 2 — a 2 > nr. 

Let {g u }vez + be a family of measurable functions on W 1 and w G * — W^ 3 ^. For all 
j G Z + and x G M n , let 



Gj{x) :-- 



00 



2-<y-fi D ig v (x) + J22-V-") D *g v (a 
Then (2.13) through (2.16) hold true. 



v=j+l 



!/ = 
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Proof. The proof is based upon the modification of (2.19). 

If, in Definition 3.12, we let t := 2~ v and s := 2~ 3 for j, v G Z + with v > j, then we 
have 

Wj (x) < 2 a ^^w u {x). (4.24) 
If, in Definition 3.12, we let t = 2~ 3 and s = 2~ v for j, v G N with j > then we have 



If we combine (4.24) and (4.25), then we see that 



Wj (x) 

for all j, v G Z + . Let us write 
I(P) :-- 



'2 a ^-^w u (x), i>>j; 



(4.25) 



(4.26) 



P 





oo 


XP 


E 




_i=ipV0 



01/ 



!/=0 



1/9 



£(R") 



+ 



P 





oo 


oo 


<r 




XP 


E 










i=j>vo 









£(R n ) 



where P is a dyadic cube chosen arbitrarily. 

Let us suppose g G (0,1], since when g G (1, oo], an argument similar to Lemma 2.9 
works. Then we deduce, from (4.26) and (£4), that 



1 



I0P)< 



OO J 



J=jpV0 y=0 



1/9 



P 



XP 



oo oo 



Yl 2-^-^ +a ^\w v g v \ q 



j=j P V0 v=j+l 



by virtue of (Wl) and (2.21). We change the order of summations in the right-hand side 
of the above inequality to obtain 



i(P) <r^ 



+ 



XP 



oo oo 



2-V-"X D *- a ** \w v g v 

v=0 j=uVj P V0 



l/<2 



XP 



OO V 



Yl 2-<- v - im+ai)q \w v gv\ 9 



v=jpV0j=j P V0 



1/'/ 



C(R n ) 
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Now we decompose the summand with respect to v according to j > jp V or j < jp V 0. 
Since D<z € («2 + tit, oo), we can choose e € (0, oo) such that D<i € (02 + rar + e, oo). Prom 
this, Z?i 6 (— ai,oo), the Holder inequality, (£2) and (£4), it follows that 

I(-f) < l|{&Ji/ez + ||£s?(#(R n ,z + )) 



jpVO oo 



< 



ez+ lk™(£9(R™,z+)) 



+ 



2-(jpV0)(D 2 -a 2 -<:) 
[PI 7 



£(R") 
jpVO 

X p 2 l/(D2 - Q2_e) 



which is just (2.22). Therefore, we can go through the argument same as the proof of 
Lemma 2.9, which completes the proof of Lemma 4.10. □ 

Proof of Theorem 4-9. The proof of this theorem is based upon reexamining that of The- 
orem 4.5. Recall that the proof of Theorem 4.5 is made up of three parts: Lemma 4.6, 
Lemma 4.7 and the analysis condition. Let us start with modifying Lemma 4.6. By (4.22), 
we choose M G (03 + 5 + n, 00) so that 



-7 + a\ - M + nr > and N > L + 2n + a 3 + 5. 



(4.27) 



Assuming that w € * — VV^? a2 , we see that a\ in the proof of Theorem 4.5 and the related 
statements can be all replaced with —a±. More precisely, (4.7) undergoes the following 
change: 

w(0, 1) < (1 + |a;|) a8 2~ J ' ai «7 3 -(a;) for all x € R n and j € Z+. 

Assuming L = — 1, we can replace (4.9) with the following estimate: for all j € Z + and 

k € Z n , 



Xjk / VJljk(x)(p(x) dx 



< 2 



-j(—J+ai— M+nr) , 



1 + 



-M+a 3 +5\ 



A I 



Since we are assuming (4.27), we have a counterpart for Lemma 4.6, that is, the series 
/ = X^Lo Efcez™ ^jkW-jk converges in <S'(M n ). 

Next, we reconsider Lemma 4.7. Lemma 4.7 remains unchanged except that we substi- 
tute L = — 1. Thus, the concluding estimate (4.10) undergoes the following change: 



\ipj * fi(x + z)\ 
z£ iu (1 + V\z\) a 



E 



< 



sup 

.tueR" 



\ X lm\XQ lm {x + W) 



,(,•-!)(*+!) 



(1 + 2^|) a 

|Aim|XQ iro (z + w) 



sup 

.met™ 



(1 + 2 z |w|) a 



j>Z; 
j<l. 



Assuming (4.23), we can use Lemma 4.10 with D\ = and D2 = K + 1. 

Finally, the analysis part of the proof of Theorem 4.5 remains unchanged in the proof 
of Theorem 4.9. Indeed, we did not use the condition for weights or the moment condition 
here. 

Therefore, with these modifications, the proof of Theorem 4.9 is complete. □ 
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4.4 Biorthogonal wavelet decompositions 

We use biorthogonal wavelet bases on R, namely, a system satisfying 

(ip°(- - k),^ ^ - m)) L 2 (R) = 5 k ,m {k,m 6 Z), 

<2^V(2 J • -k),1™l^ x (2 v ■ -m)) L2(R) = 8 m , {v , m ) U,k,v,m € Z) 

of scaling functions (ip°,ip®) an d associated wavelets (tp ,ip ). Notice that the latter in- 
cludes that, for all / e L 2 (R n ), 

/ = E 2 jn (f^Hv ■ -k)) L 2 m i>\y ■ -k) 

j,kez 

= E 2 jn (/,^(2 J • -k)) L2m ^(2^ ■ -k) 
j,kez 

= E^^°(- " k ))LHR)^°(- ~k)+ E 2^</,^ • -k)) L2m ^\^ ■ -k) 
fcez (j,fc)ez + xz 

= E^°(- - - k ) + E ^(fJHy ■ -k)) L2m ip\v ■ -k) 

kez (j,k)ez + xz 

holds true in L 2 (M). We construct a basis in L 2 (M. n ) by using the well-known tensor 
product procedure. Set E := {0, l} n \ {(0, ...,0)}. We need to consider the tensor 
products 

^ c : = ®? =1 ^ and $ c := ®" =1 ^ Cj 

for c := (ci, • • • , c n ) £ {0, l} n . The following result is well known for orthonormal wavelets; 
see, for example, [6] and [94, Section 5.1]. However, it is straightforward to prove it for 
biorthogonal wavelets. Moreover, it can be arranged so that the functions ip° , ip 1 , ip° , ip 1 
have compact supports. 

Lemma 4.11. Suppose that a biorthogonal system {^ c ,*$> c } c( ze is given as above. Then 
for every f € L 2 (R n ), 

f= E E(/' §c (--^w* c (-- fe ) 

ce{o,i} n fceZ" 

oo 

+ E E E </> 2in/2 * c ( 2i • -^)>l W 2^/ 2 * c (2 j • — fc) 

u>ii/i convergence in L 2 (R n ). 

Notice that the above lemma covers the theory of wavelets (see, for example, [10, 26, 
41, 94] for the elementary facts) in that this reduces to a theory of wavelets when ip° = tp° 
and ip 1 = ip 1 . In what follows we state conditions on the smoothness, the decay, and the 
number of vanishing moments for the wavelets ip\ip and the respective scaling functions 
ip°,ip° in order to make them suitable for our function spaces. 
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Recall first that ai, ct2, 0L3, 6, 7, r are given in Definition 3.1. Suppose that the integers 
K,L,N satisfy 

L>a 3 + 5 + n-l + 7-nr + Qi, (4.28) 

N>L + a 3 + 5 + 2n (4.29) 

and 

K + 1 > a 2 +nr, L + 1 > a x . (4.30) 
Assume that the C*(R)-functions tp ,^ 1 satisfy that, for all a 6 Z + with a < K, 

\d a ^°(t)\ + \d^\t)\ < (1 + \t\)~ N , t G K, (4.31) 

and that 



/ 



t^ l {t)dt = (4.32) 

for all /3 € with j3 < L. Similarly, the integers K, L, N are supposed to satisfy 

L > a 3 + 25 + n - 1 + 7 + max(n/2, (a a - 7)+), (4-33) 
iV > L + a 3 + 25 + 2n (4.34) 

and 

^ + l>ai + 7, L + l> max(n/2, (a 2 - 7)+). (4.35) 
Let now the C (K)-functions ip° and ip 1 satisfy that, for all a G with a < K, 

\d a i,°(t)\ + \ff*p(t)\ < (1 + t G R (4.36) 

and that, for all (3 G Z + with (3 < L, 

[ t^i> 1 (t)dt = 0. (4.37) 

Assume, in addition, that 

K + 1 > L > 2a + nr, N > a + n. (4.38) 

Observe that (4.31) and (4.32) correspond to the decay condition and the moment 
condition of and ip 1 in Definition 4.2, respectively. Let us now define the weight 
sequence 

Wj(x) := [^(x)]" 1 A 2 jn / 2 G W a3+ f /9 , ^ , w . s , (4.39) 

J y ' L J v max(n/2,(a2+T— 7)+), (01+7—1")+ v ' 

where x G M n and is defined as in (3.29). 

If a G (n + 03,00), using Proposition 9.5 below, which can be proved independently, 
together with the translation invariance of L°°(IR n ) and L 1 (M n ), we have 

00 

B^oo a (K") ~ SU P \\Pj(<Pj */)IU»C» n )' H/Hflfi (« n ) ~ */)IIl 1 (R") ( 4 ' 4 °) 

J6Z+ ' ' i=Q 
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for all / G 5'(l n ) and p G W^ a2 - See also [45, Theorem 3.6] for a similar conclusion, 
where the case when p is independent of j is treated. Thus, if we assume that 

a>n + o 3 + <5, (4.41) 

we then see that 



oo 




Observe that (4.33), (4.34) and (4.35) guarantee that B^i a (M n ) has the atomic/molecular 
characterizations; see Theorem 4.5 and the assumptions (4.28), (4.29) and (4.30). Indeed, 
in A^'q^W 1 ), we need to choose 

A = B, C(R n ) = L 1 (M n ), q = l,w = W,r = 0, 

and hence, we have to replace (01,02,03) with 

(max(n/2, (o 2 - 7)+), «i + 7, "3 + 8) 

and N should be bigger than n. Therefore, (4.28), (4.29) and (4.30) become (4.33), (4.34) 
and (4.35), respectively. 

In view of Propositions 3.19 and 3.20, we define, for every c G {0,l} n , a sequence 

{^jsJjeZ+.fceZ" by 

A£* ■= ^lk(f) ■= </, 2^ 2 $ c (2^ • -fc)>, j G Z+, k G Z n , (4.42) 

for a fixed / G B^^(M. n ). In particular, when c = 0, we let Xj k = whenever j G N. 

It should be noticed that K and K can differ as was the case with [68]. 

As can be seen from the textbook [6], the existences of ip°, ip , ip°, ip 1 are guaranteed. 
Indeed, we just construct ip ,^ 1 which are sufficiently smooth. Accordingly, we obtain 
ip® ^ip 1 which are almost as smooth as ip^^ip 1 . Finally, we obtain {& c , & c } c& e- 

Theorem 4.12. Let 01,02, 03, t G [0, 00) and q G (0, 00]. Suppose that C(W l ) satisfies 
(CI) through (£6), w G a2 and a G (iV*o + 03,00), where Nq is as in (£6). Choose 

scaling functions (ip°,ip°) G C K (M) x C K (M) and associated wavelets (tp 1 ,^ 1 ) G C K (R) x 
C K (R) satisfying (4.31), (4.32) (4.36), (4.37), where L, L, N, N, K, K G Z + are chosen 
according to (4.28), (4.29), (4.30), (4.33), (4.34), (4.35), (4.38) and (4.41). For every 
f G -B^ i00 (IR n ) and every c G {0, l} n , the sequences {\ c - k }jez + ,keZ n in (4.42) are well 
defined. 

(i) The sequences {X^ k }jez+,kez n belong to cl^'^^W 1 ) for all c G {0, l} n if and only if 
f G A™'^ a (R n ). Indeed, for all f G B^(R n ), the following holds true: 

Yl ll{^,o(/,^ c (- - fe)}}jez+,feez«lla™;; a (R») 
ce{o,i}" 
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||{</,2W2$c (2 i . _ fc))}j . eZ+ fceZnL _ a(Rn) „ 



where "oo" is admitted in both sides. 

.(/,( 



(ii) ///e^'MR"), to 



/(•)= E Ew- fc ) + EEE A P 2W2$c ( 23 --^) ( 4 - 43 ) 

ce{o,i} n fcez™ ceSj=Ofcez™ 
in 5'(]R n ). T/ie equality (4.43) holds true in A W £ T a (M n ) z/ and on/y i/ £/ie finite sequences 



are dense in a^ a ( 



J ll{^-,o(/ c , * c (- - fe))}jez + ,fcez«L^ )O 0R n ) 

+ ||{(/ C ,2W2$c (2 i._ A;))} . gz+)feezn | | 



Proo/. First, we show that if / € A w c 'J qa {R n ), then (4.43) holds true in S'(R n ). By (4.40) 
and (4.39), together with Proposition 3.19, the space A^^W 1 ) can be embedded into 
B^~^(R n ) which coincides with B^~^ a (R n ), when a satisfies (4.41). Fixing c G {0, l} n 
and letting {A^ k }j£Z + ,keZ n be as in (4.42), we define 

oo 

/ c (-) := E A o,^ C (- " k ) + E E A^2^/ 2 * c (2^ • — fc) . (4.44) 

fceZ™ j=l fceZ" 

Noticing that X & C (2 J • — fc) is a molecule module a multiplicative constant, by Lemma 4.7, 
we know that f c G A^' r (M n ) and 

ll/ c |U^ a (K») ~ ll{^',oAo,fc}iez + ,fcez«|| ^ o (Mn) + ||{A£jJj e z + ,fc€Z n L;££ i0 (R«) 

• 

Then we further see that f c G S^(M n ). 

We now show that / = 2~^ ce j u« / c - Indeed, for any 

F G B^iOR") (-->■ Bj{ 2 (R") M> L 2 (M n )), (4.45) 

if letting Ag fc (F) = (F, tf c (- - fc)) for all k G Z n , and A£ fc (F) = 2^ n / 2 (F, # c (2-? • -fc)) for 
all j G Z + and k G Z n , then by Theorem 4.5, we conclude that 

E \\{ X lk( F )}jez + ,keZ"\\ b w iiRn) < \\F\\ B W(Ts^y ( 4 - 46 ) 

c<=E 

From Lemma 4.11 and (4.45), we deduce that the identity 

oo 

F (-)= E E A o, fc (^ c (--^) + EEE^( F ) 2in/2$c ( 2J -- fc ) ( 4 - 47 ) 

ce{0,l} n fceZ™ c£E j=l fceZ™ 
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holds true in L (M n ); moreover, by virtue of (4.46), we also see that (4.47) holds true in 
the space B^W 1 ). 

Let g := ^ c e{o i} n f°- Then we see that g € B^^(M. n ). By Propositions 3.20, together 
with (4.44) and (4.47), we see that g(F) = f(F) for all F € BjJflR"), which gives g = f 
immediately. Thus, (4.43) holds true in 5'(IR' 1 ). 

Thus, by Lemma 4.7 again, we obtain the ">" relation in (i). Once we prove the "<" 
relation in (i), then we immediately obtain the second conclusion in (ii), that is, (4.43) 
holds true in A^'^ a (R n ) if and only if the finite sequences are dense in a^'^ a (K n )- 

So it remains to prove the "<" relation in (i) which concludes the proof. Returning to 
the definition of the coupling (/, 2 jn / 2 ^ c (2-' • —k)) (see Proposition 3.20), we have 

oo 

(/, 2^/ 2 $ c (2^' • -k)) = 2^/ 2 ($ * /, $ * $ c (2^' • -k)) + 2 jn/2 (<Pe *f,<Pt* ^ c (2 j ■ -&)). 

i=i 

In view of Lemma 2.10, we see that, for all j, £ € Z+, k € Z n and x £ M n , 

\2 jn p e * ^ c (2 j x - k)\ < 2 min W)«-K-il Z (l + 2 min (^)|x - 2~j k\)-" 
and hence, if N > a + n (see (4.38)), by the fact that 2 l < 2 min W)+I.J-«l ) we derive 
2^|(^*/,^*$ c (2^--fc))| 

< 2 rain(j/)n-\e-j\L f \<Pt*f(x)\ ^ 



(l + 2minO'/)| x -2-J'A:|) Ar 
yeR n (1 + 2% - 2-Jfc|) a 7 R „ (i + 2 min(;,% _ 



5 (1 + 2^|2/ - 2-^|) a 

with the implicit positive constant independent of j, £, k and /. A similar estimate holds 
true for 2^ n / 2 ($ * /, $ * $ c (2^' • -*;)). Consequently, by (1 + \y\)(l + |z|) <{l + \y + z\) for 
all y, z£ R n , we see that, for all iGR", 



2> n \(<p t *f,n* * C (2 J • -k))\ X Q. 

-\e-j\(l-a) m _ \<Pt*f(y)\ 



< v V2-i^i( L - a ) sup \wiA±y>\ Yn (x ) 

< V yv^^-**) sud 1^*^)1 Yn ( x ) 



< X^ 2 -\e-MZ-2a) \<Pe*f(y)\ 

yG ^(l + 2^\y-x\Y 



which, together with Lemma 2.9, implies the "<" -inequality in (i). This finishes the proof 
of Theorem 4.12. □ 
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Remark 4.13. (i) As is the case with [68], bi-orthogonal systems in Theorem 4.12 can be 
replaced by frames. 

(ii) The wavelet characterizations for some special cases of the function spaces in The- 
orem 4.12 are known; see, for example, [27, 29, 31, 94]. 

5 Pointwise multipliers and function spaces on domains 
5.1 Pointwise multipliers 

Let us recall that B m (R n ) := n Wl < m {/ G C m (R n ) : d a f G L°°(IR n )} for all m G Z+. 
As an application of the atomic decomposition in the regular case, we can establish the 
following result. 

Theorem 5.1. Let a\,a2,as,T G [0, oo) and q G (0, oo]. Suppose that w G * — W^ 5 
Assume, in addition, that (3.27) holds true. Then there exists itiq G N such that, for all 
m G B m °(R n ), the mapping f G S(R n ) i-> mf G B mo (R n ) extends naturally to A™^ a (R n ) 
so that it satisfies that 

\\ m f\\B^JR") ||/||b^ o (K») (/ S B^ a (R n )), 

\\ m f\\F^l a (R") II/IIf££ (R~) (/ e F C,q,a(M- n ))i 

\\ m f\W^;lJR n ) ~rn ll/IL/^QR™) (/ e ■^C,^a( Rn )) 

and 

\\ m f\\e%l a {R n ) <rn Wf\\s2% a {W-) (f e ^£^ a ( Rn ))- 

Proof. Due to similarity, we only deal with the case for a (R n ). 

Let ot\, oi2 and 03 fulfill (4.22) and (4.23). We show the desired conclusion by induction. 
Let mo(w) be the smallest number such that w* G VV" 3 a2 , where w*(x) := 2 m °^ v w u (x) 
for all v G Z + and x G M n . If mo(w) can be taken 0, then we use Theorem 4.12 to find 
that it suffices to define 

00 

(m/)(.) := E E A o,^(')^ C (- -^) + EEE ^X-) 2Jn/2 * C ( 2J • "*), 
ce{o,i} n kez n ceE j=o kez n 

which, together with Theorem 4.9 and the fact that m(-)2- ?n//2 \I/ c (2- 5f • —k) is a molecule 
modulo a multiplicative constant, implies the desired conclusion in this case. Assume now 
that our theorem is true for the class of weights mo(ro) G {0, 1, • • • ,N}, where N G Z + . 
For m (w) = N + 1, let us write / = (1 - A) -1 / - YJ- =l df(l - A) -1 /. Then we have 

n 

mf = m(l - A)" 1 / - ^ m<9/(l - A) -1 / 

n n 

= m(l - A)" 1 / - d 3 H-(l - A)- 1 /) + X>^' (t 1 " A )^) ■ 
j=i j=i 



44 



Y. Liang, Y. Sawano, T. Ullrich, D. Yang and W. Yuan 



Notice that (1 - A)" 1 / and <9,((1 - A)" 1 /) belong to the space B^**^(M. n ), where we 
write w**{x) := 2 u w v (x) for all u G TL+ and x G W 1 . Notice that mo(w**) = m (w) — 1. 
Consequently, by the induction assumption, we have 

||ro(l - A)- 1 /!^".;^*) < \\m(l " A ) _1 /l| B ^ (ffin) 

< m ||(1 - A )" 1 /|| B »**,r (Rn) <m II/IIb™; 9 t i0 (r»)- 

Analogously, by Proposition 3.18 and Theorem 3.10, we have 

1 1 a," (m^(l - A)" 1 /) ||b"-; £ IMjt 1 " A )~ 1 /l| B «",r ftl nA 

and 



OS,' ((1 - A)" 1 /) ( R n) < ||(^m)^ ((1 - A)" 1 /) Hfl—.r^ 



C,q,a 

^, 9 ,c( R ") ; "£, e ,„V 

which completes the proof of Theorem 5.1. □ 



Sn ((1 - A) /) ||b™'J_„(K») ~™ II/I|B™' T (R")> 



5.2 Function spaces on domains 

In what follows, let f2 be an open set of W 1 , P(O) denote the space o/ all infinitely differen- 
tiable functions with compact support in Q endowed with the inductive topology, and T>'(Q) 
its topological dual with the weak-* topology which is called the space of distributions on 

n. 

Now we are oriented to defining the spaces on f2. Recall that a natural mapping 

/ g s'(R n ) ^ f\n g v'(n) 



is well defined. 



Definition 5.2. Let s G R, a G (0, oo), a±, a 2 ,a 3 ,r G [0, oo) and g G (0, oo]. Let 

(i) The space B^ a (Q) is defined to be the set of all / G T>'(Q,) such that / = g\Cl for 
some g G Bc'^^W 1 ). The norm is given by 

l^lk;; a (n) := mf{kllB-; a (R") = 9 e B^ a (R n ), f = g\n}. 

(ii) The space F^'^ a (Q) is defined to be the set of all / G T>'(Q) such that f = g\Q for 
some g G F^'^ a (M. n ). The norm is given by 

11/llF-yn) == mf{|b|| F ^ Q{R n) : 5 G i^ a (M n ), / = 
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(iii) The space J\T£ ' r a (^) is defined to be the set of all / G T>'(Q) such that / = g\U for 
some g G A/^^ T a (K n ). The norm is given by 

ll-f lk,£ a (fi) : = mfllbH^^) : g G A/J£ a (R n ), / = <?R- 

(iv) The space a (^) is defined to be the set of all / G T>'(VL) such that / = g\Q for 
some g G £^ 'J~ a (IR n ). The norm is given by 

||/||^ o(n) := inf{|| 5 || £Z , ;a(Rn) : 5 G ^ a (M n ), / = g\Sl}. 

A routine argument shows that B^ a (Q), F^'^ a (Q), an< ^ ^c'qjP^) are a ^ 

quasi-Banach spaces. 

Here we are interested in bounded Lipschitz domains. Let k : — > M be a Lipschitz 
function. Then define 

n Kt+ := {(x',x n ) £ I" : i„ > 

and 

:= {(x',x n ) G 1" : x n < k(x')}. 
Let cr G iSn be a permutation. Then define 

tt K ,±-,a := {(x',x n ) G M n : <r(x',x n ) G Q K ,±}. 

By a Lipschitz domain, we mean an open set of the form 

J I 

|Jo-i(n/i,+)n|J r <(^i-)> 

i=i i=i 

where the functions /i , /2 , • ' ' > / J an d <?i , 52 j • • • ; 5/ are & U Lipschitz functions and the 
mappings a%, o" 2 , • • • , erj and ri, T2, ■ ■ ■ , tk belong to S n . With Theorem 5.1, and a parti- 
tion of unity, without loss of generality, we may assume that Q := for some Lipschitz 
function k : M n — > M. Furthermore, by symmetry, we only need to deal with the case when 
$7 := J7 Kj +. 

To specify, we let L be the positive Lipschitz constant of k, namely, the smallest number 
L such that for all x', y' G M. n ~~ , \k(x') — < L\x' — y'\. Also, we let K be the cone 

given by 

K := {(x',x n ) G R n : L\x'\ > -x n }. 
We choose ^ G V(W l ) so that supp^ C K and J Rn cfe / 0. Let 

:= *(x) - = *(a?) - 2" n ^(2" 1 x) 

for all x G M™. Let L S> 1 and choose rj, ip G C£°(K) so that if := r] — rj-i satisfies 
the moment condition of order L and that t/? * ^ + ^ * ^ = (5 in <S'(R n ). Define 

M%-i J(x), for all j G Z+, / G D'(ft) and a: G M n , by 
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sup l</'*fo--)>l 7 - - 

(l + 2J|x-y|) a 

Observe that this definition makes sense. More precisely, the couplings (f,^(y — •)} and 
(/, &{y — •)} are well defined, because ^>{y — •) and &{y — •) have compact support and, 
moreover, are supported on £1 as the following calculation shows: 

supply - •)), supp(^(y - •)) C y - K C {y + z : \z n \ > K\z'\} C fi. 

Here we used the fact that takes the form of := f2 re + to obtain the last inclusion. 

In what follows, the mapping (x',x n ) i-» (x',2k(x') — x n ) =: (y',y n ) is called to induce 
an isomorphism of C(M n ) with equivalent norms, if / G C(M n ) if and only if gf(y',y n ) '■= 
f(x',2n(x') - x n ) G C(R n ) and, moreover, \\f\\ C (R«) ~ 

Now we aim here to prove the following theorem. 

Theorem 5.3. Let £1 := be as above and assume that the reflection 

induces an isomorphism of C(M n ) with equivalent norms. Then 
(i) / G B^ T {9.) if and only if f € D'(fi) and 



< oo; 



£<?(£™(R n ,Z + )) 

and there exists a positive constant C, independent of f , such that 



(ii) / G F^IJP) if and only if f G £>'(S1) and 



< C||/llB«.; o (n); (5-1) 



1 



< OO 



■Z+)) 



and i/iere exists a positive constant C , independent of f , such that 



C~ 



£™(€9(M",Z+)) 



<Ol/l 



(iii) / € JV^yn) »/ on/y if f & D'(fl) and 



< oo 
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and there exists a positive constant C , independent of f , such that 



< {xnM% ,/} ; 
(iv) / G ££q a (ty if and only if f G D'(£l) and 



< oo 



and there exists a positive constant C , independent of f , such that 



< C\\fh r (ny 



Proof. By similarity, we only give the proof of (i). In any case the second inequality of (5.1) 
follows from Corollary 3.6. Let us prove the first inequality of (5.1). Let / € B^ a (Q). 



Choose G G ( 



so that 



Gq = /, ll/lls^ a (n) < \\ g \\b 



C,q,a V 



Define F by 



F := -0 * ^ * G + ip j * & * G. 

3=1 



B W ' T (R™)- To show the first inequality of (5.1), it suffices 



It is easy to see that F\Q = f and F G S'(R n ), since i/j * * + ^f =1 f J * $ J = 5 in 

( R n). To shov 

{xnA4« JiB /} 



5'(l n ). Then Wfh^jn) < \\F 
to show that 



l^lls^rjK") £ 



1 j£2 



Since 



l^lls» ; ; a( R") < 



f<J(£™(R™,Z + )) 



we only need to prove that 



3'6Z 4 



< 



^2(£™(R n ,Z + )) 



{x«A<?- it8 /} 



^(£™(R n ,Z + )) 



To see this, notice that if (x',x n ) G Q and (y' , y n ) G O, since k is a Lipschitz mapping, we 
then conclude that 

F - 2/ I + \Vn + x n ~ 2k(x )| 
~ \x' - y'\ 2 + \y n - n(y') + x n - k{x')\ 2 
~ |x' - y'| 2 + |y n - ft(y') - x„ + /c(s' )| 2 + - k(x')| 2 

\ I / /i2 i I i2 I |2 

<,\x - y\ +\yn-x n \ ~ \x-y \ . 
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From this, together with the isomorphism property with equivalent norms of the transform 
(x', x n ) € W 1 \ i-> (x', 2k(x i ) — x n ) e we deduce that 



< 



which further implies the first inequality of (5.1). This finishes the proof of Theorem 
5.3. □ 

To conclude Section 5, we present two examples concerning Theorem 5.3. 

Example 5.4. It is absolutely necessary to assume that (x' ,x n ) >— > (x' , 2k(x') — x n ) induces 
an isomorphism of C(M. n ) with equivalent norms. Here is a counterexample which shows 
this. 

Let n = 1, £(K) := L l ((l + t X ( ,oo){t))~ N dt) and Wj(x) : = 1 for all x € K and j € Z+. 
Consider the space B^° oo2 ((0,oo)), whose notation is based on the convention (3.1). A 
passage to the higher dimensional case is readily done. In this case the isomorphism is 
t € M H > — t S M. Consider the corresponding maximal operators that for all / € T>'(0, oo) 
and t el, 

( (0,oo), m _ _ |^ */(*)! 



M^rm= ™p - 



and, for j £ N, 



M 



(0,oo) 
2-3,2 



/(*) 



s6(0,oo) V 1 + I* - «l) 2 
,£(0,^0) (l + 2^|t- S |) 2 ' 



where ^ and 9? belong to C£°((— 2, — 1)) satisfying 99 = A L ^, and <^j(i) = 2^ip(2H) for 
all iet. Let /o G C£°((2, 5)) be a function such that X(3,4) < /o < X(2,5)- Set / a (i) := 
fo(t — a) for all t 6 K and some a S> 1. Then, for all i € M, we have 



Consequently, we see that 



2-2i£ 



(l + |i-a|) 2 ' 



£°°(£(R,Z+)) 



(l+t)JV(l + |t 



(it. 



Let p : 



be a smooth function such that X(8/5,oo) < P < X(3/2,oo)- If / € ^L^^" - ) 



such that /|(0, 00) = /„, then ||/|| B o,o 
5.1. Consequently we have 



Hp/IIb^cr") £ 



by Theorem 



ll/a|| B 0,o 



,(«) 



ll/< 



(5.2) 



Meanwhile, 
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dt 



o (i + t )»(l + \t-a\y 



a/2 



dt 



< 



(l + t)N(l + \t-a\) 
a ' 2 dt 



+ 



dt 



o 



(l + t) N (l + \a\y 



+ 



0/2 (l+t)"(l + l* 
(it 



a/2 



[l + a )JV(l + |t 



_<i 

a|) 2 ~ a 2 ' 



In view of the above calculation and (5.2), we see that the conclusion (5.1) of Theorem 
5.3 fails unless we assume that (x' , x n +i) ^ (%' , 2re(x / ) — x n+ i) induces an isomorphism of 
C(R n ). 

Example 5.5. As examples satisfying the assumption of Theorem 5.3, we can list weak-L p 
spaces, Orlicz spaces and Morrey spaces. For the detailed discussion of Orlicz spaces and 
Morrey spaces, see Section 10. Here we content ourselves with giving the definition of the 
norm and checking the assumption of Theorem 5.3 for Orlicz spaces and Morrey spaces. 

i) By a Young function we mean a convex homeomorphism $ : [0, oo) — > [0, oo). 

Given a Young function <I>, we define the Orlicz space L*(M n ) as the set of all measurable 
functions / : W 1 — > C such that 



l/ll 



L*( 



ln) :=inf | A € (0,oo) : J ^(^J^j dx < l} < 



Indeed, to check the assumption of Theorem 5.3 for weak-L p spaces and Orlicz spaces, we 
just have to pay attention to the fact that the Jacobian of the involution i is 1 and hence 
we can use the formula on the change of variables, 
ii) The Morrey norm || • || j^mn^ is given by 



I/IImS(R") := SU P 

x£R n , re(0,oo) 



n n 

y p u 



B(x,r) 



\f(y)\ u dy 



where B(x,r) denotes a ball centered at x of radius r S (0, oo) and / is a measurable 
function. Unlike Orlicz spaces, for Morrey spaces, we need more observation. Since 
i o t = id]Rn, we have only to prove that t induces a bounded mapping on Morrey spaces. 
This can be showed as follows: Let B(x,r) be a ball. Observe that \x — y\ < r implies 
\l(x) — o(y)\ < Dr, since l(x) = (x',2k(x') — x n ) is a Lipschitz mapping with Lipschitz 
constant, say, D. Therefore, i(B(x,r)) C B(i(x), Dr). Hence we have 



H _ 21 
j* p u 



B(x,r) 



\f(^y))\ u dy 



j 1 p u 



n n 

<^ y p u 



t(B(x,r)) 



\f(y)\ u dy 



B(i(x),Dr) 



\f(y)\ u dy 
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which implies that t induces a bounded mapping on the Morrey space Mu(R n ) with norm 

n_ n_ 

less than or equal to D u p. As a result, we see that Morrey spaces satisfy the assumption 
of Theorem 5.3. 

6 Boundedness of operators 

Here, as we announced in Section 1, we discuss the boundedness of pseudo-differential 
operators. 

6.1 Boundedness of Fourier multipliers 

We now refine Proposition 3.18. Throughout Section 6.1, we use a system (&,(p) of 
Schwartz functions satisfying (1.2) and (1.3). 

For t G N and a € R, m € C £ (M n \{0}) is assumed to satisfy that, for all \a\ < £, 



sup 

-Re(i,oo) 



f>-n+2a+2\a\ 



R<\£\<2R 



\d?m(0\ 2 dH 



< A a i < oo 



(6.1) 



and 



f \dlm{0? d£ < A a . 2 <oo. 



(6.2) 



The Fourier multiplier T m is defined by setting, for all / £ 5(M n ), (T m f) := mf. 

Lemma 6.1. Let m be as in (6.1) and (6.2) and K its inverse Fourier transform. Then 
K e S'{R n ). 

Proof. Let (f E S(R n ). Then 

(K,<p)=[ m(t)0(£)d£= [ m(0mdC+ [ HCMO =■ h + h- 
Let M = n — a + 1. For L, by the Holder inequality and (6.1), we see that 



1111 



\m(0\\m\dC 

< ^ ||(l + |x|) A ^|| LO o (R „) 

(l + 2 fc ) M 



k=0 

oo 

E 

fc=0 



2 k <\£\<2 k 



+1 



2^/2||(l + | x |)M^ ||Loo(Rn) 



(1 + 2 k ) 



k\M 



2 k <\£,\<2 k + 1 



\m{t)\ 2 dt 



1/2 



^^ 2fc (n-a)|| (l + N) M^ 



oo Dn 



fc=0 



(l + 2 fc ) 



< ||(1 + |a?|) £||l°o( R »). 
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For I2, by the Holder inequality and (6.2), we conclude that 



11=2 1 ^ 



'■:» ) 



\rn(0\ 2 c% 



l?l<i 



1/2 



< 



MIl°°(r™)- 



This finishes the proof of Lemma 6.1. 

The next lemma concerns a piece of information adapted to our new setting. 



□ 



Lemma 6.2. Let^, i/j be Schwartz functions onW 1 satisfying, respectively, (1.2) and (1.3). 
Assume, in addition, that m satisfies (6.1) and (6.2). If a £ (0, 00) and £ > a + n/2, then 
there exists a positive constant C such that for all j G Z+, 

(l + 2i\z\) a \{K*^ j ){z)\dz < C2~ ja , 
where ^0 = * and ^-(-) = 2-i n ijj(2 j ■). 

Proof. The proof for j G N is just [101, Lemma 3.2(i)] with t = 2~ 3 . So we still need to 
prove the case when j = 0. Its proof is simple but for the sake of convenience for readers, 
we supply the details. When j = 0, choose (i such that \x > n/2 and a + /i < I. From the 
Holder inequality, the Plancherel theorem and (6.2), we deduce that 

f (l + \z\) a \(K**)(z)\dz\ 

(1 + \z\y 2 » dz [ (1 + |z|) 2(a+ ^ \{K * y)(z)\ 2 dz 
(l+\z\) 2e \(K**)(z)\ 2 dz 
<J2 [ \z°(K*V)(z)\ 2 dz<J2 I |^[m(£)]| 2 cfe<l, 

| CT |<^ M " i_i^lfl<2 

which completes the proof of Lemma 6.2. 



\a\<£ 



□ 



Next we show that, via a suitable way, T m can also be defined on the whole spaces 
Fjc'qai^ 1 ) and B^ a (R n ). Let <£, (p be Schwartz functions on W 1 satisfy, respectively, 

(1.2) and (1.3). Then there exist $ f G S(R n ), satisfying (1.2), and ^ G S{R n ), satisfying 

(1.3) , such that 



(6.3) 



i=i 



in S'{R n ). For any / G F^yi") or -B^ a (IR n ), we define a linear functional T m f on 
5(M n ) by setting, for all 4> G 5(M n ), 



(T m f, 0) : = / * $t * $ * * K(0) + ^f*<p\*<Pi*<f>* K(0) 



(6.4) 
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as long as the right-hand side converges. In this sense, we say T m f G 5'(1"). The following 
result shows that the right-hand side of (6.4) converges and T m f in (6.4) is well defined. 
Actually the right-hand side of (6.4) converges. 



Lemma 6.3. Let i G (n/2, oo), a G R, a G (0, oo), ai,a 2 ,a 3 ,r G [0, co), q G (0, oo], 
w G WS* >aa and f G F™-yr) or (R n ). Then the definition of T m f in (6.4) is 

convergent and independent of the choices of the pair (<&',$, ip\ ip). Moreover, T rn f G 
S'(R n ). 

Proof Due to similarity, we skip the proof for Besov spaces a (M n ). Assume first that 
/ G F^'^ a (M. n ). Let (W, ty, ip\ be another pair of functions satisfying (6.3). Since 
(j) G 5(]R n ), by the Calderon reproducing formula, we know that 

(f) = i$!^*i$!*(f)-\- ip* *tpj * (j) 

in S(M. n ). Thus, 

f* k(0) + ^ f *ip\*ipi*(j)* K(0) 

= / * <|>t * <J> * j \pt * iff * (j) + ipt*ipj*(j)\ * K(0) 
\ jeN / 

+ f * <Pi * <Pi* I ^ * ^ * 4> + ^ j * ^ j * <f> I * k(o) 
ieN y jeN / 

= /*$t*3>*\I/1'*vI/*</>* K(0) + /*<I>^*$*'(/'i*' ( /'i*^* -f^(O) 

i+1 

+/ * * yi * ^ * ^ * * -^(o) + ^2 / * <p\ * <pi * ipj * ipj * </> * -^(o), 

ieN j=i—l 

where the last equality follows from the fact that cpi * ipj = if \i — j\ > 2. 
Notice that 

/ f * Pi(y - z)<Pi(-y) dy < V . ; |U/ / \<Pi*f(y-z)\dy, 
where M can be sufficiently large. By w G W^j 3 , we see that 

f fa * /(y - z)\ dy < 2 i C»-«i)(l + 2>|)^ 2 — |l/IU- a (R")- 

■Wife 

Thus, by Lemma 6.2, we conclude that 

^ [/ * <pi * ip\ * ipj * tp\ * <fi * K 
ieN 
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<^ ^ ^ 2*( n— oil— nr) 



i£;,, (» n ) 



(i + l*l) 



2 m (l + 2*|z|) Q3 



iei 



-iM 



M 



<^ ^ ^ 2*(2n— ai— nr+a3— M) 



(ffin) / (l + ^ylH^*/^)!^ 



iV'i * f(y)\dydz 



/el- 



where a is an arbitrary positive number. 

By an argument similar to the above, we conclude that 



+ 



K(0) 



< oc, 



which, together with the Calderon reproducing formula, further induces that 



+ ^2 f * <Pi * fi * I ^ * ^ * </> + ^2 ^ j * ^ 3 * $ I * -^(o) 



Thus, T m / in (6.4) is independent of the choices of the pair (<&' , [^). Moreover, the 

previous argument also implies that T m f G S'(M n ), which completes the proof of Lemma 
6.3. □ 

Then, by Lemma 6.2, we immediately have the following conclusion and we omit the 
details here. 

Lemma 6.4. Let a G R, a G (0,oo), I G N, <£>, * G <S(M n ) satisfying (1.2) and 99, ^ G 
<S(IR n ) satisfying (1.3). Assume that m satisfies (6.1) and (6.2) and / G 5'(IR n ) suc/i i/tai 



54 



Y. Liang, Y. Sawano, T. Ullrich, D. Yang and W. Yuan 



T m f G <S'(IR n ). If t > a + re/2, then there exists a positive constants C such that, for all 
x, y G M n and j G Z + , 

\(T m f * ^)(y)| < C2"*« (1 + 2?\x - y\) a &*f) a (x). 

Now we are ready to prove the following conclusion. 

Theorem 6.5. Let a 6l, a G (0, oo), ai,a 2 ,a3,r G [0, oo), g G (0, oo], w € W" 1 3 iQ2 and 
w(x,2~ :i ) = 2 ja w(x, 2~ J ) for all x G M n and j G Z+. Suppose that m satisfies (6.1) and 
(6.2) mi/i £ G N and £ > a + n/2, then there exists a positive constant C\ such that, for all 
f G Fl"'^ (W 1 ), ||T m /|| „m,T i-rons < CiII/Hp^.t run) and a positive constant C2 such that, 

' y ' * C,q,a( I C,q,a\ I 

for all f G B™'^ a (R n ), \\T m f\\ B m,T {]RIl) < C 2 ||/|| B ^ o ( R «). Similar assertions hold true for 
Proof. By Lemma 6.4 we conclude that, if £ > a + n/2, then for all x G M n and j G Z+, 

2 JQ (^(T ro /)) a (x)<(^/) a (x). 

Then by the definitions of F^'^ a (M. n ) and B^'^ a (M n ), we immediately conclude the desired 
conclusions, which completes the proof of Theorem 6.5. □ 

6.2 Boundedness of pseudo-differential operators 

We consider the class S® M (M n ) with u G [0, 1). Recall that a function a is said to belong 
to a c/ass S^(R n ) of C°°(R£ x ^-functions if 

sup (l + \Z\)^Wh-i>mh\ a g d a aM \ < 1 

for all multiindices a and j3. One defines, for all x G M n , 

o(X,Z>)(/)(x):= / a(x,0f(0e iX< <% 

originally on 5(]R n ), and further on 5'(IR n ) via dual. 

We aim here to establish the following in this subsection. 

Theorem 6.6. Let w G W"^ a2 with ot\, a<i, 03 G [0, 00) and a quasi-normed function space 
C{W l ) satisfy (CI) through (£6). Let fj, G [0,1), r G (0, 00) and q G (0, 00]. Assume, in 
addition, that (3.27) holds true, that is, a G (Nq + 03,00), where Nq is as in (£6). Then 
the pseudo- differential operators with symbol S® ^(W 1 ) are bounded on a (M n ). 

With the following decomposition, we have only to consider the boundedness of a(-, •) G 
£-Mo( R n) with 

an integer Mo sufficiently large. 

Lemma 6.7 ([88]). Let u G [0,1), a G S^W 1 ) and N G N. Then there exists a symbol 
b G S^(W n ) such that 

a{X, £>) = (! + A 2JV ) o b(X, D) o (1 + A 2 ^)" 1 . 
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Based upon Lemma 6.7, we plan to treat 



A(X, D) := b(X, D)o(l + A 2N y 1 G Sil N (R n ) 



and 



B(X, D) := A 2N o b(X, D) o (1 + A ) G ^(R"), 

respectively. 

The following is one of the key observations in this subsection. 

Lemma 6.8. Let fi G [0,1), w, q, r, a and C be as in Theorem 6.6. Assume that a G 
S^R™) satisfies that a(-,£) = if |f| > 1/2. Then a(X,D) is bounded on A^ a (R n ). 

Proof. We fix $ G S(R n ) so that <!>(£) = 1 whenever |f | < 1 and that !>(£) = whenever 
|f | > 2. Then, by the fact that o(-, f) = if |f | > 1/2, we know that, for all / G A^ Q (K n ), 
a(X,D)f = a{X,D)(<Z> * f). By this and that the mapping / G A™'^ a (R n ) H- $ * / G 
4™'J a (l") is continuous, without loss of generality, we may assume that the frequency 
support of / is contained in {|f| < 2}. Let j G Z + and z G M n be fixed. Then we have, 
for all x G R n , 



^*HX,D)f]( a 



dy 



<Pj(x - y) 

tfj(x - y)a(y,C)e^ y dy 
ifj(x - y)a(y,-y y dy^j {z)f(z)dz 
by the Fubini theorem. Notice that, again by virtue of the Fubini theorem, we see that 



A 



<Pj{x -y)a{y, -)e l ' y dy ) (z) 



-izS; 



<Pj(x-y) 



ipj(x - y)a(y,^)e^ y dy 
a(y,0^ {v ~ z) 



da 

dy. 



Let us set tj := (4 J A) <pj with L G N large enough, say 

L = [a + n + u\ + a2 + lj • 

Then we have Tj G S{R n ) and ifj(x) = 2~ 2jL A L Tj(x) for all j G and x G M n . Conse- 
quently, we have 



1 A 



ifj(x - y)a(y,-)e l ' y dy 



(z) 



2~ 2jL [ r j {x-y)A L y \f a(y,0e^ y ^dH 



dy 



by integration by parts. 
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Notice that by the integration by parts, we conclude that 



£ 

||5i||l+||a 2 ||i=2L 
1 

(1 + \y - z\ 2 ) L 



E 



J£(y-z) 



da 



||5i||i+||q 2 ||i=2Z 

Then, by the fact that a G and a(-, £) = if |£| > 1/2, we see that, for all £, y G IR n , 

(l-A € ) L (r 2 ^a(y,0) <Xfl(o,2)(0 



(6.5) 



and hence, for all y, z G 



< 



(1 + |y-z| 2 ) 



2\L ' 



Consequently, for all j G Z + and x,y,z G M n , we have 



^•(x - y)a(y,-)e % ' v dy 



(*) 



n (1 + |y — | 



(6.6) 



and hence 



\<Pj*{a{X,D)f){x + z)\ 
{l + V\z\) a 



< 



n _/TD>n 



2-^ L \Tj(x + z-y)\ 
(l + 2i\z\) a (l + \y -w\ 2 ) L 
2-^ L \ Tj (x + z-y)\ 



\f(w)\dy dw 



n ./ran 



(1 + \z\) a (l + \y- w\ 2 ) L 
\f(x + w)\ 



\f{w)\dy dw 



< 2~ 2jL sup 

w£WL n (1 + \w\) a 

A similar argument also works for <E> * (a(X, D)f) (without using integration by parts) and 
we obtain 



\$*(a(X,D)f){x + z) 



^ sup 



\f(x + w)\ 



(i + \z\)« ~«,eB»(i + M) a 

With this pointwise estimate, the condition of L and the assumption that [i < 1, we obtain 
the desired result, which completes the proof of Lemma 6.8. □ 

If we reexamine the above calculation, then we obtain the following: 

Lemma 6.9. Assume that fj, G [0,1) and that a G 5^ M °(R n ) satisfies a(-,£) = if 
2 k-2 < |£| < 2 fe+2_ Then a (x,D) is bounded on A™'* (R n ). Moreover, there exist a 
positive constant E and a positive constant C(E), depending on E, such that the operator 
norm satisfies that 

ll a (^)- D )IU^ a (R«)->-A^ )a (K») < C(E)2~ Eh , 
provided Mq G (1,oo) is large enough. 
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Proof. Let us suppose that Mq > 2L + n, where L G N is chosen so that 

L = [a + n + a.\ + «2 + nr + lj . (6-7) 

Notice that in this time a(X, D)f = a(X, D)(J2i=k-3 <Pi * f) for a11 / G ^, a (K n ). If we 
go through a similar argument as we did for (6.6) with the condition on L replaced by 
(6.7), we see that, for all j G Z + and x, z G M n , 



ipj(x -y)a(y,-)e l ' y dy 



A 



(*) 



< 2-2jL+fc(4L-2M +n) 



|Tj(x - j/) 

(l + |y-z| 5 



yr dy. (6.8) 



Indeed, we just need to replace (6.5) in the proof of (6.6) by the following estimate, for 
all k G Z+, £, y G M. n and multi-indices a, (3 such that ||a||i + = 2L, 

(1 - A 5 ) L (r^a(y,6) | < 2 2fc{2L - Mo) X B( o,2 fc+2 )\B(o, 2 - 2 )(0- 
By (6.8), we conclude that, for all j G Z + and x, z G M n , 
|^-*(a(X,D)/)(x + z)| 



< 



(1 + 2J>|)« 

3 

<p k +i * f(w)\dydw 



2 -2jL+fc(4L-2M +n)| Tj . (a . + _ ^ , 



(l + 2J>|)«(l + |y- U ;| 2 ) i ^ 
< 9 -2iL+fe(4L-2M +o+n) hgfc+j * /( x + w 



_ 3U ,eM" (l + 2 fc +'H)< 
Consequently, we see that 

(1 + 25>|)° " ~ w Jr (l + 2 fc +Vl) a ' 

ze[-3,3]nz 

Combining the estimate (6.9) and Lemma 2.9 then induce the desired result, and hence 
completes the proof of Lemma 6.9. □ 

In view of the atomic decomposition, we have the following conclusion. 

Lemma 6.10. Let w be as in Theorem 6.6. Assume that a G ^(W l ) can be expressed 
as a{X,D) = A 2M ° o b(X,D) for some b G 5^ Mo (M n ). Then a(X,D) is bounded on 
^c'J a (K n )j is long as Mq is large. 

Proof. For any / G A^ a (M. n ), by Theorem 4.5, there exist a collection {%ljk}jez + ,kez n 
of atoms and a complex sequence {Xjk}j£Z + ,keZ n such that / = X^oSfcez™ ^jk^-jk m 
S'(R n ) and that \\{Xjk}jeZ+,keZ n \\a^' T a (R n ) ~ ll/IU^ T (K»)- In tne course of the proof 
of [75, Theorem 3.1], we have shown that atoms {^jk}jez+,kez n are transformed into 
molecules {a(X, -D)2ljfc}jez + ,fcez n satisfying the decay condition. However, if a{X,D) = 
A 2M ° o b(X,D), then atoms are transformed into molecules with moment condition of 
order 2Mq. Therefore, via Theorem 4.5 by letting L = 2Mq then completes the proof of 
Lemma 6.10. □ 
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With Lemmas 6.8 through 6.10 in mind, we prove Theorem 6.6. 

Proof of Theorem 6.6. We decompose a(X, D) according to Lemma 6.7. We fix an integer 
Mq large enough as in Lemmas 6.9 and 6.10. Let us write A(X,D) := a(X,D) o (1 + 
A 2M )-i and £>) := A 2M ° o a {X, D)o(l + A 2M ^)-\ 

Let <3? and ip be as in (1.2) and (1.3) satisfying that $(£) + YljeN@(2~^0 = ^ f° r au 
£ G M n . Then by the Calderon reproducing formula, we know that, for all / € A^'^ a (R n ), 
/=$*/+ Y\ gN ^ * / in S'{R n ). Therefore, we see that 

oo 

a(X,D)f(x) = '£ t a(X,D)(<p j *f)(x) 

3=0 

oo „ 

= J2 / a(z,0£(2- j £)/(6e^ 

oo „ oo 

=:V / aj-Cx.O/COe^de- Va^X, I})/(x) 

in S'(IR n ), where ct.,(a;,£) := a(x, £)£(2~ J '£) for al l X ,C G and a,(X,£>) is the related 
operator of aj(x,£). It is easy to see that aj £ S^^IR™) and supports in the annulus 
2 J_2 < |£| < 2 jf+2 . Then by Lemmas 6.8 and 6.9, we conclude that A(X,D) is bounded 
on A^'y^W 1 ). Meanwhile, Lemma 6.10 shows that B(X,D) is bounded on A^ a (M. n ). 
Consequently, it follows that a(X,D) = A(X,D) + B(X,D) is bounded on v^ a (M n ), 
which completes the proof of Theorem 6.6. □ 

Since molecules are mapped to molecules by pseudo-differential operators if we do not 
consider the moment condition, we have the following conclusion. We omit the details. 

Theorem 6.11. Under the condition of Theorem 4.9, pseudo- differential operators with 
symbol 5? )1 (M n ) are bounded on (R n ). 

7 Embeddings 

7.1 Embedding into C(R n ) 

Here we give a sufficient condition for which the function spaces are embedded into C(R n ). 
In what follows, the space C(IR n ) denotes the set of all continuous functions on M n . Notice 
that here, we do not require that the functions of C(M n ) are bounded. 

Theorem 7.1. Let q G (0, oo], a e (0, oo) and r € [0, oo). Let w £ ★ — W£3 with 
ai,a2,as G [0,oo) and a quasi-normed function space C(R. n ) satisfy (CI) through (£6) 
such that 

a + 7 — Qi — nr < 0. (7.1) 
Then (R n ) is embedded into C(R n ). 
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Proof. By Remark 3.9(ii), we see that it suffices to consider B^'^ a (M n ), into which 
i^JJl™) is embedded. Also let us assume (3.21). Let us prove that B^'^ a (M n ) is 
embedded into C(M n ). Let x G M n be fixed. From the definition of the Peetre maximal 
operator, we deduce that, for all / G B^ T q a (K n ), J € Z + and y G £?(x, 1), 

sup te , /W |<2* S upfe^±!M. 
If we consider the £(IR n )-quasi-norm of both sides, then we obtain 

SUp \tpj * f(z)\ < x - ^X.B{x,2-i){f3 * /)a l (M ■ 

Notice that Wj(x) = w(x,2~ J ) > 2 3ai w{x,l) for all j G Z + and x G M n , and hence from 
(W2) and (7.1), it follows that 

sup \^*f(z)\< x 2^- a ^\\f\\ Br (Rn) . 

z£B(x,l) 

Since this implies that 

oo 

/ = $ * / + Yl vj * f 

converges uniformly over any ball with radius 1, / is continuous, which completes the 
proof of Theorem 7.1. □ 

7.2 Function spaces A^ a (R. n ) for r large 

The following theorem generalizes [97, Theorem 1] and explains what happens if r is too 
large. 

Theorem 7.2. Let uj G W^f with 01,02,03 € [0, 00). Define a new index r by 

( 1 1 \ 

r := limsup sup — : log 2 j, r. (7.2) 

i->cx) \PeSj(R n ) n i ||Xp||£(R«) J 

and a new weight S3 6t/ 

S3(cc, 2" J ) := 2 J '"( r -^o;(2;, 2" J '), x G M n , j G Z+. 
Assume that r and r satisfy 

t > t > 0. (7.3) 

TTiera 

(1) u> G W^^^-^^^^-^; 

(ii) for all q G (0, 00) and a > 03 + iVo, i/ien ^'^(K") and B^ a (M. n ) coincide, 
respectively, with F™ ^ a (M n ) and B^ ^ a (M n ) with equivalent norms. 
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Proof. We only prove ^'^(W 1 ) coincides with F^^ ooa (W l ). The assertion (i) can be 
proved as in Example 2.4(iii) and the proof for the spaces B^ a (M. n ) and -B™ j00 a (IR n ) 
is similar. To this end, by the atomic decomposition of the pairs [F^'^ (W 1 ), 'J~ a (IR n )) 



and (i^ i00 , a (R n ), /^,oo,a(K n )), it suffices to show that ft 
equivalence. Recall that, for all A = {Xjk}j&z + ,k&z n , 



w,r (Tn>n\ 



fZ,ooJ Rn ) With nOTm 



\\M\f 



C,q,< 



sup 



PeQ(K n ) \P\ T 



JbL \ XPWi o+W E + v) 



1 1/9 



and 



l|A| 



sup w 



sup 



ID; 



(x,y)eK 2 ",jez + 

JV '(1 + 2%|)° t 
By (7.4), there exist jo G Z+, /cq S ^ n an d x o,Uo G M n such that 



(7.4) 



Xo + y eQ joko and (jAH^ 



oo , oo ,a \ 



w jo (x ) 



l^iofcol 



(l + 2io|ito|) a " 



Then, a geometric observation shows that there exists Po S Q(M n ) whose sidelength is 
half of that of Qj k an d which satisfies yo + Po C Qj k - Thus, for all x € Po, we have 
\x — xq\ < 2"- 70 and hence 

u; io (x ) < Wj (x) (1 + 2 JO |x - xo]) 013 < w jo {x), 

which, together with the assumption on r, implies that 



\\M\f™' T JR") 



1 



sup 



> 



PeQ(K n ) \P\ 
1 

"XP Wj 



_i=ipV0 

I A jo ^0 I 



1/9 



£(R") 



Consequently, 



(l + 2i|y |) aXQjfc( ' + y0) 

2 -ion(r-r)|| Xpo || £(Rn) 

|Pol T 



I") 



C,q,a v 



/^,oo,a(R")- 



(7.5) 
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To obtain the reverse inclusion, we calculate 



l A ll/™' T (R n ) = SU P T^T7 
Jc.. q ,a\ > P6fi(r) \P\r 



E 



Xpwj sup 



< 



PeQ(R") Kl 



Efcg z" l A ifclxQ jfc (- + y) 

(1 + 2%|)° 

1 1/9 

OO / x <J 



1/9 



£(1") 



E 



\ ^1 



£(R n ) 



If we use (7.3) and (7.4), then we have 



i=i P vo 



1/9 



£(R") 



/ OO , OO , CI \ 



in) SUP 

Pe 



2 -0>V0)n(r-r) 



|XP||£(R") 



Since r € [0, oo) and (7.2) holds true, we see that 

2 _ 0'p v0 ) n ( r_:? ) 2 _Jpn ( T ~^ 

— ||Xp||£(K") ~ i~n7^ WXP 



p 



Hence, we conclude that 



LP 



^ pnT \\xp\\c(m n ) = |-P| t ||xp||z:(r™) ^ 1- 



A ll/£J a (R") < ll A ll/» iao , (R»)- 



(7.6) 



Hence from (7.5) and (7.6), we deduce that F c '^ a (M. n ) and F^ j00 a (M n ) coincide with 
equivalent norms, which completes the proof of Theorem 7.2. □ 



8 Characterizations via differences and oscillations 

In this section we are going to characterize function spaces by means of differences and 
oscillations. To this end, we need some key constructions from Triebel [91]. 

For any M G N, Triebel [91, p. 173, Lemma 3.3.1] proved that there exist two smooth 
functions ip and ip on E with supp cp C (0,1), supp ip C (0,1), J^(p(r)dT = 1 and 
ip(t) - \ip{±) = ^ M \t) for t G K. Let p(x) := l$ =1 <p(x e ) for all x = (x 1} ■ ■ ■ ,x n ) G M n . 
For all j G Z+ and x G M n , let 

W == E E M! L'J L ) m ( 2 W > ' 



m'=l m=l 



2 3 mm' 



where ( ) for m G {1, • • • , M} denotes the binomial coefficient. For any / G «S'(M n ), let 

/i : = Tj * f for all j G Z+, and f' 1 := 0. (8.1) 



62 



Y. Liang, Y. Sawano, T. Ullrich, D. Yang and W. Yuan 



From Theorem 3.5 and Triebel [91, pp. 174-175, Proposition 3.3.2], we immediately 
deduce the following useful conclusions, the details of whose proofs are omitted. 

Proposition 8.1. Let ai,a2, a s ,T G [0, oo) and q G (0, oo] and let w G W^ a2 . Choose 
a G (0, oo) and MeN such that 



M > ai V (a + nr + a 2 ). 



j.2) 



For j eZ + ,/e S'(IR n ) and x G M n , Ze£ F(a;,2-J) := f j (x) - P~ x {x), where {f j }f = ^ % 
1.1). Then 

,<!,< 



as in 



BTl + 1 



) and ||i^|Lw,T cran+i-, < oo. Moreover, 

£,q,aA Z_|_ / 



F\\ l w,t cjgn+ij with the implicit positive constants independent of f . 



C,q,a*- Z_|_ 

(ii) / G A^^ a (R n ) i/and onZy z/F G ^^(M^ 1 ) and ||F 



I at; 



C,q,a V 



in < oo. Moreover, 



\^\\\r w ' T with the implicit positive constants independent of f. 



(iii) / G F££ a (K n ) z/and on/n z/F G F^M^ 1 ) and ||F| 



p^,r ( ']tP Ti + 1 \ < oo. Moreover. 
Fll p w,r / K n+h iwii/i £/ie implicit positive constants independent of f. 
(iv) / G £££ a (R n ) and on/n if F £ ^ a (Mg+ 1 ) and ||F|| £ . 



o>,T c K n+ii < oo. Moreover, 

C,q,a^ Z_i_ > 







IFII / r +h wrffr £/ie implicit positive constants independent of f . 



8.1 Characterization by differences 

In this section, we characterize our function spaces in terms of differences. For an arbitrary 
function /, we inductively define Ajf f with M G N and h G M n by 

A h f:=Alf:=f-f(--h) and Aff f := A^A^f), 
and J^^/) an d /;(/) with a G (0, oo) and wq as in (2.5), respectively, by 



J 



a.w.C 



(/) := 



1 



or 



sup 

fee,|P|>i 

j£U(/) := ^P jij 
Pes l-n 



F 



Xpn; sup 



!/(• + »)! 



Xpw sup 



+ 



£(R n ) 



(i + \y\) a 



C(R n ) 



In what follows, we denote by § E the average over a measurable set E of f. 

Theorem 8.2. Let a,ai,a 2 ,a 3 ,T G [0, oo), u G [1, oo], q G (0, oo] and w G * — W£® // 
M G N, ai G (a, M) and (8.2) /icdds tree, t/ien i/iere exists a positive constant C := C(M), 
depending on M , such that, for all f G S'iW 1 ) n Fj oc (M n ), the following hold true: 

(i) 



j(i) 



(f) 



sup 



\h\<C2~3 



\A^f(- + zT 
(1 + 2%|) au 



dh 



- 
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13 



') 



with the implicit positive constants independent of f. 
(ii) 



sup 



\<C2~i 



iA^/(-+z)r 

(1 + 2i\z\) au 



dh 









J6Z+ 



C^(£i (R n ,Z+)) 



' l lF™' T a (K») 



with the implicit positive constants independent of /. 
(iii) 



la := J 



(2) 

a,w,C 



(/) + 



sup 

2€R" 



\h\<C 



2 -j (l + 2i\z\) au 



dh 



£9(A^£™(M n ,Z + )) 



with the implicit positive constants independent of /. 
(iv) 



sup 

2SM" 



\h\<C 



2 -, (l + 2?|z|)°« 



- 









££™(£9(R",Z + )) 



with the implicit positive constants independent of /. 

Proof. We only prove (i), since the proofs of others are similar. To this end, for any 
/ G S'(M. n ) nL\ oc (R n ), since p G C c °°(M n ) (see [91, pp. 174-175, Proposition 3.3.2]), we 
conclude that, for all j G Z + and x G M n , 



r (a?) == 2^ 2^ M! ( ™' )( ™ ) m / PW f {x - 2 3 mm y) dy (8.3) 

m'=l m=l 

and hence 



m \m 



M M /j-jM+m+m'-l 



EE 



M! 



M\ (M\ M 



,'=1 m=l 

EE' 

m'=l m=l 



Ml 



m' ) \m > m I p ( y }f( x ~ 2 3mm 'y) d V 



M >) ( ™ ) mM I P(y)f( x ~ 2 3 1 mm'y)dy 



m \m 
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j2 v (ri) M+mW_1 (m\ (m 



Ml 

m'=0 m=l 

M M ( _^M+m+m'-l 



m j \m 



m / p(y)f(x — 2 3 mm'y)dy 



EE 



m'=0 m—l 



M 

E 

m=l 



("I) 



M+m-1 



Ml 



M 



M\ (M 



m J \ m 



m I p(y)fi x — 2 J 1 mm'y) dy 



Ml V m 



m M I p{y) Af_, J (x) - A-'f(x) 



2~3my 



M 



dy. 



As a consequence, we see a pointwise estimate that, for all x G W 1 and u G [1, oo], 

l/u 



\P(x + z)-P+ 1 (x + z)\ 
S (1 + 2J>|)« 



^ sup 



<c 2 -, (1 + 2J>|)«« 



(8.4) 



Meanwhile, by T G S(R n ) and (1 + |u|) a < (1 + \u + y|) a (l + \y\) a for all u, y G K n , we 
see that, for all x G M. n , 



\f°(x + y)\ l 

SUp -7- j — rr = SUp 



(l + \y\) a (l + M) a 



T Q (u) f (x + y - u) du 



f \T< U_ M ( 1 + H)° 



< sup 



(8.5) 



Combining (8.4) and (8.5) with Proposition 8.1 (here we need to use the assumption 
(8.2)), we conclude that 



Ii £ sup 



feQ,|P|>i It 



Xpw sup 



\(f - f )(■ + y)\ 



(l + \y\) a 



+ 



sup 



which is desired. 

To show the inverse inequality, for any / G n L-j oc (M n ), since {Tj}j^z + is an 

approximation to the identity (see [91, pp. 174-175, Proposition 3.3.2]), if we fix \h\ < C 2~ jf 
and z G M n , then by [91, p. 195, (3.5.3/7)], we see that, for almost every x G M n , 



/ \Afff(x + z)\ u dy 

J\h\<2-i 



V« oo ( 

+ sup 

w£B(x+z,C2-i) 



\fj+l(y)\ U dh 

B(x+z,C2-i) 

D a T (y)f(w + 2-iy)dy 



l/u ' 
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where and in what follows, U := f J ' — p 1 for all j € Z+. Then 



\Atff(x + z)\" 



dh 



l/u 



w<2 -t (i + z>\z\) 
g \f j+ i(x + z)\ + [§ B{x+zfi2 - 3) \f j+ i(y)\ Ud v 



< 



l/u 



1=1 



+ sup 



(l + 2J|z|)° 
1 



For the second term on the right-hand side of (8.6), we have 

1 



D a T {y)f{w + 2-iy)dy 



sup 



sup 



sup 



\(D a T ) j *f(x + z + w)\ 



D a T (y)f(w + 2-Jy)dy 



sup 

io6B(0,C2-i) 



(l + 2J'|z|) a 



\(D a T ),*f(x + z + w)\ 

< SUp SUp ; pr 

aeR»«,eB(o,C2-i) (1 + y\z + w\) a 



l + 2?(\z\ + M) 



l + 2?'|z| 



^ sup 



zeI f n (1 + 2J>|)« 
where / := /(—•)• This observation, together with the fact that 



sup 

z£R™ (l + 2J|z|) e 



£ 11/11 B2J i0 (R»). 



W(£™(R™,Z + )) 



implies that 



sup sup 



D a T {y)f{w + 2-iy)dy 



< 



l n w£B(x+z,C2-1) (! + ^\z\) a 
For the first term on the right-hand side of (8.6), we see that 

l/u 



3&+ 



(8.6) 



sup 



y£B(x+z,2~3) 



\f j+ i(y)\ u dy 



1 



{l + 2i\z\) a 



< sup < sup 



\f j+ i(x + z + y)\ 



»\veB{o*2-i)0- + V +l \* + v\) a 



1 + 2i+ l {\z\ + 
1 + 23 Id 
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< 2 la sup 



\f j+ i(x + z)\ 



(8.7) 



Since w € * — a2 ) we nave w j{ x ) ^5 2 ' ai Wj+i(x), which, together with a± > a and 
(8.7), implies that 



oo 

y sup 

1=1 * eR " 



< 



< 



< 



< 



1/m 



(l + 2J>|) ffl 



£8(£™(K n ,Z+)) 



£9(£»(R«,Z + )) 



Pes 



7(ai-a)e 



E 

j=(0Vj» 



|/i+i(- + *)l 



XpWj sup - , 



0/g ' 



1/9 



sup r - 

PeS I "I 



E 

i=(ovj P ) 



l/ 3 --n(- + *)l 9 
XP ^S(i + 2^N)« 



£(R") 



1/0 



^PipFi E 



Pes 



t i=(ovj» 



!/,?■(■ + *)! 
XPWj sup ^ 



1/9 



where we chose 9 € (0, min{#, q}) and # is as in (£3). 

Meanwhile, by virtue of (8.3), we see that, for all x E M. n , 



/°(*) = E E 



m'=l m=l 



Ml 



M\ (M 



m I \m 



m M I p(y)f(x — mm'y)dy 



and 



M 



m = E 



M+m+0-1 



m=l 



Ml 



M\ M 



/ \m 



mM I p(y)f( x )dy, 



which implies that, for all x 6 



M f_]\M+m-l 
^ Ml 



M 



m M / p(l/)/(z)dl/ + / u (x)-/ u (x) 



< 



< 



m=l 

^1 J£ f_-|\M+m+m'-l 



EE 

m'=0 m=l 
M 



Ml 



M\ (M 



m i \ m 



m I p{y)f{x — m'my) dy 



E 

m=l 



(-l) M + m ~ l (M 



Ml 



m 



m M I p(y)A™f(x)dy 



M 



my J 



+ I/°W|- 



Generalized Besov-type and Triebel-Lizorkin-type spaces 



67 



From this, we deduce that 



sup 



\f(x + V)\ 



£ sup 



Af/(x + y)r 



i« (1 + \y\) a y |^|<1 

which, together with the trivial inequality 



(i + M 



sup 



(i + \y\) a 



dh 



< 



l/u 



\f°(x + y)\ 
j,eT~ (1 + \y\) a ' 



+ sup 



/llB^ a (R«)) 



implies that 



J (1) (f) 




C,q,a \ 



\h\<C2-i 



\A M 



/(" + *) 



(l + 2^|z|) c 



dh 



This finishes the proof of (i) and hence Theorem 8.2. 













iez+ 




,z+)) 


8.2. 









+ 



C,q,a y 



□ 



If we further assume (7.1) holds true, from Theorems 7.1 and 8.2, we immediately 
deduce the following conclusions. We omit the details. 

Corollary 8.3. Let ct\, a.2% ct^, t, a, q and w be as in Theorem 8.2. Assume (7.1) and 
(8.2). Let {Jj}1j =1 be as in Theorem 8.2. Then the following hold true: 

(i) / G B^ a (R n ) if and only if f G S'(M. n ) D L\ oc (W 1 ) and Ji < oo; moreover, 
Ji ~ ll/lls^' 1 " (r™) with the implicit positive constants independent of f. 

(ii) / G F^ a (R n ) if and only if f G S'(IR n ) n L* oc (M n ) and J 2 < oo; moreover, 
J2 ~ (R n ) with the implicit positive constants independent of f . 

(iii) / G V££ (K n ) i/ and on/y if f E S'{R n ) n ^i oc ( Rn ) and J 3 < moreover, 
J3 ~ II/IIa/2" t (K n ) ™^ ^ e implicit positive constants independent of f . 



(iv) / G f£ ,T a (M n ) i/ and only if f G S'(R n ) n L 



loc 1 



and J4 < 00; moreover, 



l/ll. 



u>i£/i i/ie implicit positive constants independent of f. 



the Triebel-Lizorkin space Fp q 



L p (R n ) and wj 
F' 



By the Peetre maximal function characterizations of the Besov space Bp^ q (M n ) and 

n ) (see, for example, [93]), we know that, if q G (0, 00], 
V s , then BgJ" = B£,(R n ) for all p G (0, 00] and a G 
(n/p, 00), and F^ qa = F£ >q (M. n ) for all p G (0, 00) and a G [nj min{p, q}, 00). Then, 
applying Theorem 8.2 in this case, we have the following corollary. In what follows, for all 
measurable functions /, a G (0, 00) and x G M n , we define the Peetre maximal function of 
/ as 

\f(x + z)\ 



sup 



e jfn (1 + \z\) a 
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Corollary 8.4. Let M g N, u g [1, oo] and q e (0, oo]. 

(i) Let p G (0, oo), a G (n/ min{p, g}, M/2) and s G (a,M — a). Then there exists a 
positive constant C := C{M), depending on M , such that f G F^ q (R n ) if and only if 
f G S'(R n ) n L\ oc (R n ) and 

Jl := ll/a IIlp(R") + 

is finite. Moreover, Ji is equivalent to \\f\\ps with the equivalent positive constants 
independent of f . 

(ii) Let p G (0, oo], a G (n/p, M/2) and s G (a,M — a). T/ien there exists a positive 
constant C := C(M), depending on M, such that f G B* q (R n ) if and only if f G S'(R n ) fl 
L\ oc (R n ) and 

J2 := ||/a II LP (M™) + 

is finite. Moreover, J 2 is equivalent to \\f\\B* (R n ) w ^ the equivalent positive constants 
independent of f. 

Proof. Recall that by [85, Theorem 3.3.2] (see also [70, pp. 33-34]), F° q (R n ) C L\ oc (R n ) 
if and only if either p G (0, 1), s G [n(l/p — 1), 00) and q G (0, oo], or p G [1, 00), s G (0, 00) 
and q G (0, 00], or p G [1, 00), s = and g G (0, 2], and B^ q (R n ) C L^ oc (M n ) if and only if 
either p G (0, 00], s G (nmax(0, 1/p — 1), 00) and g G (0, 00], or p G (0, 1], s = n(l/p — 1) 
and g G (0,1], or p G (1, 00], s = and g G (0, min(p, 2)]. From this, the aforementioned 
Peetre maximal function characterizations of Besov spaces Bp q (R n ) and Triebel-Lizorkin 
spaces Fp^ q (R n ), and Theorem 8.2, we immediately deduce the conclusions of (i) and (ii), 
which completes the proof of Corollary 8.4. □ 

We remark that the difference characterizations obtained in Corollary 8.4 is a little 
different from the classical difference characterizations of Besov and Triebel-Lizorkin spaces 
in [91, Section 3.5.3]. Indeed, Corollary 8.4 can be seen as the Peetre maximal function 
version of [91, Theorem 3.5.3] in the case that u = 00. We also remark that the condition 
a G {n/p, M) and s G (a, 00) is somehow necessary, since in the classical case, the condition 
s G (n/p, 00) is necessary; see, for example, [5]. 



2" 



sup 



/(• + *) 



\h\<C2-j (l + 2J|s| 



dh 













#(Z+) 



LP I 



2 js sup 



|Af/(- 



+ z) 



\h\<C2~i 



(1 + 2*|*| 



dh 



- 1/u 








LP (MP) 





8.2 Characterization by oscillations 



In this section, we characterize our function spaces in terms of oscillations. 

Let ¥m be the set of all polynomials with degree less than M. By convention 
for the space {0}. We define, for all (x,t) G that 

l/u 



_i stands 



osc. 



M 



f(x,t) :-- 



inf 



1 



B xA) 



B(x,t) 



\f(y)-P(y)\ u dy 
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We invoke the following estimates from [91]. 

Lemma 8.5. For any f G <S'(M n ), let {/■ ? }j*L_ 1 be as in (8.1). Then there exists a positive 
constant C such that the following estimates hold true: 
(i) for all j'GN and x G W 1 , 



\f(x)-f- 1 (x)\<Co SC ^ I f(x, 2-^); 
(ii) for all j £ Z+, x € M n and y € 2 - '), 



(8.9) 



f j (*)- E -V a ^)^ 

a! 



||a||i<M-l 



<C2-J' M sup |-D a / 3 '(^)|- (8-10) 



||a||i=M 



Proof. Estimates (8.9) and (8.10) appear, respectively, in [91, p. 188] and [91, p. 182]. □ 

Theorem 8.6. Let a,ai,a2,as,r e [0, oo), u G [1, oo], q € (0, oo] and u> G * — W^ aa . 
I/M G N, ai G (a,M) and (8.2) ZioWs true, then, for all f G S'(R n ) n L{ oc (M n ), tfce 
following hold true: 

(i) 



Hi := Jil £ (/) + 



sup 



oscf /(- + z,2-J 



£9(£™(R n ,Z + )) 



u>i£/i i/ie implicit positive constants independent of f. 
(ii) 



H 2 := 1%jSJ) + 



sup 



oscf f(- + z,T 



Jn (1+2?>|)° J i 



~ II J lli^' T a (K") 



£™(£9(Ri,Z + )) 



u>ii/i i/ie implicit positive constants independent of f. 
(iii) 



Hs := jg, ,(/) + 



oscf/(- + z,2^) 
, e f» (1 + 2J>|)° 



^(Af£™(R n ,Z + )) 



II/IIa/^^r™) 



u>ii/i i/ie implicit positive constants independent of f. 
(iv) 



H4 := J® ,(/) + 



sup 



osc£7(. + z,2- 



r» (i+2^>d« 

mft £/ie implicit positive constants independent of f. 



~ IIJII^; 9 T ia (R") 
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Proof. We only prove (ii) since the proofs of others are similar. 
By virtue of (8.5) and (8.9), we have 



H 2 > sup 



1 



^6Q,|p|>i Fr 



Xpw sup 



(i + |y|) a 



£(R n ) 



sup 



\{P - P~ x ){- + z) 



e iu (l + 2i\z\Y 



Cw(pl (R«,Z + )) 



For the reverse inequality, by (8.8) and Theorem 8.2(h), we conclude that 



sup 

^6Q,|P|>1 



P\ 



Xpwo sup 



\f(- + y)\ 



ySR" (1 + \v\) a 



< 



l/ll 



C(R n ) 



Therefore, we only need to prove that 
osc^/i- - • ~ ' ' 

s6 Rn (1+2^>|)<* J j6Z+ 



< 



£™(€«(R n ,Z + )) 



We use the estimate [91, p. 188, (11)] with ko replaced by To. 

Recall that the following estimate can be found in [91, p. 188, (11)]: 



osc*70c + *,2-'') 

oo 



\fj+i(y)\dy+ sup 

l=1 Jy£B(x+z,2-J) weB(x+z,C2-i) 



D a T (y)f(w + 2-iy)dy 



where C is a positive constant. Consequently, 

os C y/(x + Z ,2-J) 
(l + 2J>|) ffl 
< ^ sup y6B(a . +Jgj2 -j) \f j+ i(y)\ 



(l + 2i\z\) a 



1 



+ sup - 

weB(x+z,C2-3) (1 + 2 J |z|) a 



D Q r (y)/(«; + 2-^)dy 



.11) 



Then by an argument similar to that used in the proof of Theorem 8.2, for the second 
term on the right-hand side of (8.11), we see that 



sup sup — 

■zeR" weB(x+z,C2-i) (l + 2-?|z|) a 



D a T (y)f(w + 2-iy)dy 
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We only need to consider the first term on the right-hand side of (8.11). Indeed, by 
w € * — Wala2-> we have Wj(x) < 2~ lctl Wj + i(x), which, together with at\ > a and (8.7), 
implies that 



. i=i 



sup 



SUp yeB (x+z,2-3) \fj+i(y)\ 



glfn (l+2J>|) a 



C™ (p (R n ,Z+)) 



< 



< 



f*° sup jMferrl 



J6Z+ 



sup 



!=1 



PG< 



P 



oo 

vi=(ovj» 



SUP 7-== . : ,. ,. 



1/9 



1/0 



< ^ 



£ 2 -'<«-)« sup-^ 
Pes |P| 



oo 

U'=(0Vj» 



Wj+i sup 



£ sup 
PeQ 



P 



XP 

J=(0Vjp) 



i«j sup 



(l + 2i|z|) a 



|/j +t (g + z)| 

1/9 



£(R n ) 
1/9 



1/0 



£(R n ) 



where we chose S (0, min{#, q}). This finishes the proof of Theorem 8.6. 



□ 



If we further assume that (7.1) holds true, then from Theorems 7.1 and 8.6, we imme- 
diately deduce the following conclusions. We omit the details. 

Corollary 8.7. Let ai,a2,as,r, a, q and w be as in Theorem 8.6. Assume that (7.1) 
and (8.2) hold true. Let {Hj}j =1 be as in Theorem 8.6. Then the following hold true: 

(i) / € B^ a (R n ) if and only if f 6 S'(R n ) n L] oc (R n ) and Hi < oo; moreover, 
Hi ~ ll/ll_B™ ,T (r») with the implicit positive constants independent of f . 

(ii) / € F^ a (R n ) if and only if f € S'(R n ) n L\ oc (W l ) and H 2 < oo; moreover, 
H2 ~ ||/||f™' t (r™) w ^ ^ e implicit positive constants independent of f . 

(iii) / € A/^£ a (R n ) »/ and on/y if f & S'(R n ) n L^ oc (K n ) and H 3 < 00; moreover, 
H3 ~ II/IIa/'£ :T (R™) with the implicit positive constants independent of f . 

(iv) / G ^ a (M n ) t/ and on/y if f £ S'(R n ) n ^l oc (M rt ) and H 4 < 00; moreover, 
H4 ~ ||/||f™' T (ik") wit/i i/ie implicit positive constants independent of f . 

Again, applying the Peetre maximal function characterizations of the spaces BL* (M. n ) 
and Fp^W 1 ) (see, for example, [93]), and Theorem 8.6, we have the following corollary. 
Its proof is similar to that of Corollary 8.4. We omit the details. 
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Corollary 8.8. Let M e N, u e [l,oo] and q e (0,00]. 

(i) Let p G (0, 00), a G (n/min{p, q}, Ad) and s G (a, M -a). Then f G ? (M n ) if and 
only if f G S'(IR n ) n L{ oc (M n ) and 



K l : ~ ll/a ll-LP(K n ) + 



oscf/(- + z,2- 



2 JS sup 



eI f« (l + 2%|) a 



<«(z+) 



< OO. 



LP (R n ) 



Moreover, K\ is equivalent to ||/||i?s nun) wii/i the equivalent positive constants independent 
off- 

(ii) Let p G (0, 00], a G (n/p, M) and se(o,M-a). JTien / G (R n ) if and only if 
f G S'(R n ) DL\ oc (R n ) and 



K 2 :— ||/alliP(R n ) + 



osc^/(- + z,2^) 



2 js sup 



^ (l + 2%|) a 



< 00. 



ff(Z+) 



Moreover, K2 is equivalent to (M n ) wii/i i/ie equivalent positive constants independent 

off- 

Again, Corollary 8.8 can be seen as the Peetre maximal function version of [91, Theorem 
3.5.1] in the case that u G [1, 00]. 



9 Isomorphisms between spaces 

In this section, under some additional assumptions on £,(R n ), we establish some isomor- 
phisms between the considered spaces A^ T qa {R n ). First, in subsection 9.1, we prove that 
if the parameter a ia sufficiently large, then the space a {R n ) coincides with the space 
A^ T (R n ), which is independent of the parameter a. In subsection 9.2, we give some fur- 
ther assumptions on £(R n ) which ensure that C(R n ) coincides with £^ 2a (R n ). Finally, 
in subsection 9.3, under some additional assumptions on C(R n ), we prove that the spaces 
B%Z a (R») and i^ a 0fP) coincide. 

9.1 The role of the new parameter a 

The new parameter a, which we added, seems not to play any significant role. We now 
consider some conditions to remove the parameter a from the definition of A^'^ a (R n ). 
Here we consider the following conditions. 

Assumption 9.1. Let r) jiR (x) := 2 jn (l + 2 j \x\)~ R for j G Z+, R » 1 and x G R n . 

(£7) There exist i? > 1, r 6 (0, 00) and a positive constant C(R,r), depending on R 
and r, such that, for all / G £(R n ) and j G Z + , 

\\ w j(Vj,R* |/r) 1/r |U(K«) < CfarfWwjfWc^). 
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(£7*) There exist r G (0, oo) and a positive constant C(r), depending on r, such that, 
for all / G £(M n ) and j G Z+, 

(£8) Let q G (0, oo]. There exist i?> 1, r £ (0, oo) and a positive constant C(R,r,q), 
depending on R,r and g, such that, for all {fj}j & ^ C £(M n ), 

\\{wj(Vj,R* \fj\ r ) 1/r }jez+\\c(ei(^ n ,z+)) ^ C ( jR ' r ^)l|{^/j}jez+ IU(^(K« z+))- 

(£8*) Let g G (0, oo]. There exist r G (0, oo) and a positive constant C(r, g), depending 
on r and g, such that, for all {/j}j g N C £(M n ), 

II {^j M [| /j 11 1/r }j ez+ 1 1 c {li (k» ,z+ ) ) < C ( r , 9) 1 1 { /j } j ez+ 1 1 c {l* (R n ,z+)) • 

We now claim that in most cases the parameter a is auxiliary by proving the following 
theorem. 

Theorem 9.2. Let cti,ct2, 03, r G [0, 00), a G (iVo + 03, 00) and g G (0, 00], where N$ is as 
in (£6). Let u; G W*^, T G [0, 00) and g G (0, 00]. Assume that $, p G S(M n ) satisfy, 
respectively, (1.2) and (1.3). 

(i) Assume that (£7) ZioWs £rae and, m addition, a^> 1. Then, 



V n Wj*f{y)\' 



:dy 



(l + 2i|--y|) 

IKVj" * /}jeZ+||^(£»(R«,Z + )) 



- 1/r' 









^(£™(M r ',Z + )) 



and 



2^|^-*/(n)r 



dy 



1/r" 



(1 + 2J| • -2/1) 

II {Vj * f}jez+\\e<i{Ara?(R n ,z + )) 



£<?(Af£»(R™,Z+)) 



u>i£/i the implicit positive constants independent of f . In particular, if (£7*) holds true, 
then the above equivalences hold true. 

(ii) Assume that (£8) holds true and, in addition, a>l. Then 



I") 



2^> j */(y)p 



dy 



» (1 + 2?| .-s/l) 

HVj * /}jez+llz:5?(^(K™,z + )) 



1/r" 



£™(£9(K™,Z+)) 



(9.1) 



and 



V n \v J *f(y)\ 1 
» (l + 23|.-y|)« 



dy 



- 1/r - 






J6Z+ 



££™(£9(R«,z + )) 
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~ \\{<Pj * f}jez+\\ec^(ei(R n ,z+)) 

with the implicit positive constants independent of f. In particular, if (C8*) holds true, 
then the above equivalences hold true. 

Motivated by Theorem 9.2, let us define 



•) := Wifj * /}jez+||^(£»(Rn,z + )) 
II/IIa^; 8 t (]r™) := HtVj * f}jez+h"(Afcy(R™,z + )) 
II/IIf^;J"(R") : = \\{<Pj * f}j€Z+\\c?{i<i(& n ,Z + )) 
\\f\\e^ r (R n ) : = WWj * f}jez+\\ea?(e<i{R n ,z + )) 



for all / € 5'(M n ) as long as the assumptions of Theorem 9.2 are fulfilled. 

Lemma 9.3. Let a±, «2> «3, r € [0, 00), a G (/Vo + 03, 00), q G (0, 00] and e € (0, 00). 
Assume that <&, <p G 5(M n ) satisfy, respectively, (1.2) and (1.3). 
(i) Then, for all f € S'(R n ) 



C,q,a\ 



ll/ll^';„(R") ^ 



C,q,a ^ 



y> 3 -*/( y)r 

ar+n+e 



(l + 2i|--y|) 



dy 



l/r" 



£9(£™(R",Z + )) 



dy 



2^ 
» (1 + 2*| --y\Y 

V n \v J *f(.y)\ r 

n (1 + 2-7 I • -y|)ar+n+e 



l/r" 



#J(£™(R™,Z + )) 



dy 



l/r" 



J6Z+ 



(9.2) 
(9.3) 
(9.4) 



^(Af£™(R",Z+)) 



and 



II/IIa^^^r™) 



< 



y n \vj*m\ 1 

(l + 2 3\.-y\)o 



- dy 



l/r" 



(9.5) 



where ipo is understood as $> and the implicit positive constants independent of f . 
(ii) Then, for all f € S'(R n ) 



ll/llF™;J" a (R") 



V n \<Pj*f{v)\' 



-1 l/r" 



(l + 2i\--y\) 



v n \<Pj * f(y)\ r 

„ (l + 2J|.-y|)«- 



ar+n+e 



dy 



J6Z+ 



£™(£9(R«,Z+)) 



dy 



l/r" 



£™(£9(R",Z + )) 



(9.6) 
(9.7) 
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2^|^*/(y)r J 1/r ' 



» (l + 2?|.-y| 



ar+ra+e 



(9.8) 



££™(£i (M™,Z+)) 



and 



< 



2^*iW 
(l + 2 i|.-y|)« 



l/r' 



(9.9) 



where ipQ is understood as $ and the implicit positive constants independent of f . 



Proof. Estimates (9.2), (9.4), (9.6) and (9.8) are immediately deduced from the definition, 
while (9.3), (9.5), (9.7) and (9.9) depend on the following estimate: By [93, (2.29)], we see 
that, for all t G [1, 2], N > 1, r G (0, oo), £ G N and x G W 1 



\(rh* n frYT < V" O-kNr (k+£)n f \((<f>k+£)t * f){yW 
K<WM*)j {l + 2 i lx _ yl) ar 



dy. 



In particular, when I = 0, for all x G M n , we have 



(tif)a(x) 



< 



E 2 " 



kNrnkn 



n (l+|x-2/|)' 



f/f/ 



l/r 



(9.10) 



If we combine Lemma 2.9 and (9.10), then we obtain the desired result, which completes 
the proof of Lemma 9.3. □ 

The heart of the matter of the proof of Theorem 9.2 is to prove the following dilation 
estimate. The next lemma translates the assumptions (C7) and (C8) into the one of our 
function spaces. 

Lemma 9.4. Let {Fj}j^z+ be a sequence of positive measurable functions on M. n . 
(i) If (£7) holds true, then 



\\{(Vj,2R* [ F j r ]) 1/r }j& + \\ei(C™(R",Z + )) < \\{Fj}j€Z+\\£i(C¥(R n ,Z + )) 



and 



\\{{_Vj,2R * [Fj r ]) 1/r }j& + \\ei(AfC^(R^,Z + )) i$ \\{Fj}j£Z+\\li(AfCy(R™,Z+)) 



with the implicit positive constants independent of {Fj}j^z + . 
(ii) If (£8) holds true, then 



\\{(Vj,2R * [Fj r ]) 1/r }j&Z+\\c^(£i(R n ,Z + )) < \\{Fj}j & Z + \\c^(£i(R",Z + )) (9-H) 



and 



\\{(Vj,2R* [Fj r ]) 1/r }jeZ + \\£C^(£i(R",Z+)) ^ \\{Fj}jeZ + \\£C^(£i(R n ,Z+)) 
with the implicit positive constants independent of {Fj}j^z + . 
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Proof. Due to similarity, we only prove (9.11). 

For all sequences F = {Fj}j e .z+ of positive measurable functions on M n , define 

11^11 : = \\{Fj}jez+\\c™(ti{M. n ,z + ))- 

Then, || • || is still a quasi- norm. By the Aoki-Rolewicz theorem (see [2, 69]), we know 
that there exists a quasi-norm ||| • ||| and 9 € (0, 1] such that, for all sequences F and G, 
\\F\\ ~ I F||| and 

\\F + Gf < \\Ff + \\Gf. 

Therefore, we see that 



oo 












.1=0 







a? {ii (R n ,z+)) 







oo 




< 




^2vk,2R * {Gk,lT 








.1=0 


) kei + 



< 



oo tf oo 

E {[%,2fl*G fc /] 1/p } ~E {[%,2R*G fc /] 1/p } 

z=o e + z=o 



£™(£8(R™,Z+)) 



(9.12) 



for all {Gk,i}k,leZ + of positive measurable functions. 
We fix a dyadic cube P. Our goal is to prove 



1/9 



E XPWfc 5 [m,2R * (Fk r )] 

fc=j P V0 



t//r 



<i^rii{^-}i e z + ii^i 



(9.13) 



C{R n ) 



with the implicit positive constant independent of {Fj} Jg z + and P. 
By using (9.12), we conclude that 



oo 

E 

fc=j P V0 



1/9 





min{8,q,r) "\ 




J 



A geometric observation shows that 

-\m\£(P) <\x-y\< 2n\m\£(P), 

whenever x € P and y S £(P)m + F with |m| > 2. Consequently, for all m £ Z n and 
x € M n , we have 



m,2R*(xe{P)m + pF k ) r (x) = I 2 kn (l + 2 k \x-y\r"(l + 2 K \x-y\r"F k ( y ydy 

Jl(P)m+P 



-Ri 
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< 



< 



1 



\R 



2 kn [l + 2 k \m\£(P)r H F k (yYdy 

m r t Je{P)m+P 

-RVj P ,R * [xe(P)m+pFk]{x). 



in 



By this and (£8), we further conclude that 



i < ( 



^2 [vk,2R * (.Xe(P)m+pFk)'' 

fc=j P V0 



ig/r 





min(0,g,r) 


£(R™)- 


J 



< 



|- P ril{- F j}j'6Z+IU??(£8(K n ,Z + ))- 
Thus, (9.13) holds true, which completes the proof of Lemma 9.4. 

Proof of Theorem 9.2. Due to similarity, we only prove the estimates for F^'^ a (M. n ). 
By Lemma 9.3, we have 



□ 



2^*/(y)| 



-i l/r ' 



(l + 2J|--y 

Observe that the right-hand side of (9.14) is just 

'(%ar*[|^*/(-)N) 1/r } 

By Lemma 9.4, we see that 



(9.14) 



£»(f9(l",Z + )) 



iG2 



£™(£«(R n ,Z + )) 



2^|^*/(y)rdy 



1 l/r ' 



£™(£9(R",Z+)) 



ln (l + 2 i|.-y|)ar 
Also, it follows trivially, from the definition of '^ a (M n ), that 



< 



(9.15) 



(9.16) 



Combining (9.14), (9.15) and (9.16), we obtain (9.1), which completes the proof of Theo- 
rem 9.2. □ 

Proposition 9.5. Let q € [l,oo]. Assume that 6 = 1 in the assumption (£3) and, 
additionally, there exist some M S (0, oo) and a positive constant C(M), depending on 
M, such that, for all f € C(R n ) and x € W 1 , 



!/(• - aOIU(Di») < C(M)(1 + M) M ||/|| £(R n). 



(9.17) 
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Then, whenever a S> 1, 



l/ll 



and 



2 iw |^*/(y)| r 

„ (l + 2 3|.-y|)« 



2?"]^ * f(y)\> 

(l + 2 J|.-y|)« 



dy 



l/r - 



£9(£»(R«,Z + )) 



l/r' 



ll/IU/-™;J"(R™) 



««(A/'£«'(K n ,Z + )) 



£/ie implicit constants independent of f. 



It is not clear whether the counterpart of Proposition 9.5 for £x'J a (K n ) and ' T a ( in> 
is available or not. 

Proof of Proposition 9.5. We concentrate on the -B-scale, the proof for the A^-scale being 
similar. By Theorem 9.2, we see that 



l/ll 



% sup 



n\ LP 



7 1 E 

k=j P V0 



XP 



2 fcn |^*/(y)| r 



(l + 2 fe | --y\ 



ar+n+e 



dy 



l/r 



1/9 



£(R n ) 



Now that = 1, we are in the position of using the triangle inequality to have 

1/9 



I/IIb"- t (k«) ^ su p 

£ * a ' Pes(R") l-P 



{oo 1 
\\Xpw k [fk*f}\\ q cm \ 
fc=jpV0 J 



whenever a > 1. The reverse inequality being trivial, we obtain the desired estimates, 
which completes the proof of Proposition 9.5. □ 

To conclude this section, with Theorems 4.12 and 9.2 proved, we have already obtained 
the biorthogonal wavelet decompositions of Morrey spaces; see also Section 11.1 below. 



9.2 Identification of the space £(IR n ) 

The following lemma is a natural extension with | • | in the definition of ||/|| J cnR n ) replaced 
by l 2 (jL). In this subsection, we always assume that 6 = 1 in (£3) and that, for some 
finite positive constant C(E), depending on E, but not on /, such that, for any / E £(M n ) 
and any set E of finite measure, 

/ \f(x)\dx<C(E)\\f\\ mn) . (9.18) 
In this case C(W l ) is a Banach space of functions and the dual space £' (M n ) can be defined. 
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Theorem 9.6. Let C be as above, ip,ip G 5(IR n ) satisfy, respectively, (1.2) and (1.3), and 
iV € N. Suppose that a G (iV, oo) and that 



(1 + 1*1)-* G £(R n ) n £'(R n ) 



(9.19) 



Assume, in addition, that there exists a positive constant C such that, for any finite 
sequence {e k } k k ° =1 C {-1, 1}, / G C(M. n ) and g G £'(M n ), 



fco 



£fc¥>fc * f 

k=l 

fco 



< C||/ll,C(R")j 



£(R") 



fc=l 



(9.20) 



< c|bll£'(]R™)- 



£'(R") 



T/ien, £(M n ) and £'(M n ) are embedded into S'(R n ), and £(R n ) and £ £3,0 ( Rn ) coincide. 

Proof. The fact that £(M n ) and £'(M n ) are embedded into <S'(M n ) is a simple consequence 
of (9.18) and (9.19). By using the Rademacher sequence {rj}^ =1 , we obtain 



1/2 



lim 

fco— >-oo 



< lim 

fco— >-oo 



1/2 



fco 

E to * /I s 
j=i Jo 



which, together with the assumption a > N, Theorem 9.2 and (9.20), implies that 



1/2 



3=1 



< 



£(R«) 



If we fix # G C c 00 (M n ), we then see that 



f(x)g(x)dx = ip * f{x)ip * g(x) dx + V] / ipj * f(x)ipj * g(x) dx. 
From Theorem 9.2, the Holder inequality and the duality, we deduce that 



£(R») ^ supj Il/Hgo.o a ( R n)lbll £ o.0 2 (M n) : 9 G C^°(M n ), ||5||/;'(R™) 



1 



Since we have proved that £'(IR n ) is embedded into £ ( £? 2 a(^ n )> by the second estimate of 
(9.20), we conclude that 

||/k(R") £ II/II^Jr™)- 
Thus, the reverse inequality was proved, which completes the proof of Theorem 9.6. □ 
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Let £(R n ) be a Banach space of functions and define 

C p (R n ) := {/ : R n -> C : / is measurable and \f\ p G £(R n )} 

for p G (0,oo), and \\f\\ C p(R™) ■= II |/| p \\)(jL\ for all / G £ p {R n ). A criterion for (9.20) is 
given in the book [9]. Here we invoke the following fact. 

Proposition 9.7. Let £(R n ) be a Banach space of functions such that £ p (R n ) is a Banach 
space of functions and that the maximal operator M is bounded on (£ p (M. n )y for some 
P e (l,oo). 

Assume, in addition, that Z is a set of pairs of positive measurable functions (f,g) such 
that, for all po G (1, oo) and w G A po (R n ), 



[f(x)rw(x)dx< A H / [g(x)rw(x)dx (9.21) 

with the implicit positive constant depending on the weight constant A po (w) of the weight 
w, but not on (f,g). Then \\f\\c(R n ) ^ IMIjCfR™) holds true for all (f,g) G Z with the 
implicit positive constant independent on (/,<?)■ 

A direct consequence of this proposition is a criterion of (9.20). 

Theorem 9.8. Let £(R n ) be a Banach space of functions such that C p (R n ) and (£') p (R n ) 
are Banach spaces of functions and that the maximal operator M is bounded on (C p (M. n ))' 
and ((/y) p (K n ))' for some p G (l,oo). Then (9.20) holds true. In particular, if a > N 
and (1 + |x|) _JV G £(M n ) D C'(M. n ), then £(R n ) and £'{R n ) are embedded into S'(R n ), and 
C(R n ) and ^^(K™) coincide. 

Proof. We have only to check (9.20). Let 

Z=!^L*f + J^kfk *f,f \ ■ f e £0& n ), JVeN, {e k } km C {-1, 1}| . 

Then (9.21) holds true according to the well-known Calderon-Zygmund theory (see [13, 
Chapter 7], for example). Thus, (9.20) holds true, which completes the proof of Theorem 
9.8. □ 



9.3 F-spaces and ^-spaces 

As we have seen in [82], when C(R n ) is the Morrey space Ai p (R n ), we have a (l n ) = 
F^ T a (K n ) with norm equivalence. The same thing happens under some mild assumptions 
(9.22) and (9.24) below. 

Theorem 9.9. Let a G (Nq + 03, 00), q G (0, 00] and s£R. Assume that C(R n ) satisfies 
the assumption (£8) and that there exist positive constants C and to such that, for all 
P G Q{R n ), 

C -1 ||Xp|U(K») < \P\ T0 < C\\xp\\c(R»y (9-22) 
Then for all r G [0, To), ^ , £q a (^ n ) = -^c'g a (^ n ) equivalent norms. 
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Proof. By the definition of the norms II • \\ £ <>,t (mn\ and II • II F *,r ,™ n \, we need only to show 
that 



In view of the atomic decomposition theorem (see Theorem 4.5), instead of proving (9.23) 
directly, we can reduce the matters to the level of sequence spaces. So we have only to 
prove 

To this end, by (£8), 



(9.23) 



\M\e s ,' r (R n ) '■= SU P 

£ ' q ' a PeS(R") \P\ 



£ Xp2 js sup 

3=0 \ 



sup 

PeS(R") 



|P| 



Efcgz" \ x jk\xQ jk (- + y) 

(1 + 2%|)° 

1/9 



1/9 



E Xp2 is E \ X ik\XQ jk 



j=0 



£(R n ) 



Similarly, by (£8), we also conclude that 



' £,q,a*- 



sup 



P6Q(M n ) 



E 

j=jpV0 



X p2 js sup 



Efeez" l A ifclxQ jfe (- + y) 



sup 



LP 



;i + 2%|)° 

1/9 



1/9 



E U^ S E -v 



f'felXQ 



i=ipV0 



£(R") 



Then, it suffices to show that, for all dyadic cubes P with jp > 1, 

1/9 



I 



1 

IpF 



E (xp 2 * E IA*lx«» 

j=o V fcez™ / 



< IIA| 



For all j € {0, • • • , jp — 1}, there exists a unique fe € Z n such that P n Qjfc 7^ 0. Set 
Xj := Ajfc and Qj := Qjk, then for all j £ {0, ■ ■ ■ , jp — 1}, 



2^|A,| P'NXQ 



3 lljC(R n ) 



IQil T - T0 



IQil 



~ \Qj\ T 



E ( XQi 2 " E i a ^Ixq« 



1/9 



< l|A||^ )0 (K»), 



£(R n ) 
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which implies that 
1 



I 



\P\ 



3P-1 ( \« 

E Xp2"EWwJ 



< ll \ ll „ T- l P| T 0— T 

~ ll A ll/^; a (M")l^l 



jp-i 

E lOii^ 

3=0 



TO 



1/9 



1/9 



Ixplk 



< 

~ I i"* 



j=0 



1/9 



< ll A ll/^; a (K")- 



This finishes the proof of Theorem 9.9. 

The following is a variant of Theorem 9.9. 



□ 



Theorem 9.10. Let r € [0, oo) and q E (0, oo]. Assume that there exist a positive constant 
A and a positive constant C(A), depending on A, such that, for all P G Q(R n ) and k € Z+, 



IXPWjp-fcH^Rn) <C(A)2 Ak \\X2 k P w jp-k\\c(R n ) 



(9.24) 



and i/iai (£8) ZioWs true. T/ien ££g a (R n ) = ^c' ?a 0^ n ) equivalent norms for all 

t€[0,A). 

Proof. By the definition, we have only to show that 



F™' T (R n ) ^ 8 W / T (R n ). 



To this end, by (£8), 



£,9,aV ' PeQ(Rn) |-P| T 



sup 

P6Q(K n ) 



E ^ p,u; i SU P 
i=o \ 



EfceZ" l A ifc|XQ jfc (- + y) 



(i + 2%|) 

1/9 



1/9 



£(R n ) 



E U PW J E \ X 3k\XQik 



3=0 



£(R«) 



Similarly, by (£8), we also conclude that 



\ F w,r (Rn) : = sup — — 
c - q ' a( ' PeQ(R n ) \ p \ 



sup 



E ( *P w i sup 

j=j P V0 V 



EfceZ" l A ifclXQ jfc (- + y) 



PeQ(R n ) r I 



(1 + 2%|)» 

1/9 



1/9 



£(R n ) 



E U p ^' E l A i*IX0. 

j=j P V0 V 
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Then, it suffices to show that, for all dyadic cubes P with jp > 1, 



I := 



Y XPW i Y \ X 3k\XQ jk 
j=0 V k£Z n 



< 



For all j G {0, • • • , jp — 1}, there exists a unique k G TL n such that P n Qjfc 7^ 0- Set 
Aj := Ajfc and Qj := Qjk, then for all j G {0, • ■ ■ , jp — 1}, 



< 



IQ;I T 



1A/ 



< ll A ll/-; a (R")- 



£(R n ) 



Assume gG [1, 00] for the moment. Then by the assumption q G [1, 00] and the triangle 



inequality of 



IPI 



£(R™)' 



we see 



that 



3=0 



fcez™ 



< 



IPI 



jp-i 

Y XPWj\Xj\xQ : 
3=0 



< 



IPI 



') 



;r") 
'jp-i 

Y \\XP W 3 X 3XQi\\c<VL") 
3=0 



1/6 



If we use the assumption (9.24), then we see that 



I < 



1 



2^ M \Q j \ r0 

3=0 



1/8 



< IHI/££ (R")- 



If q G (0, 1), since 

£V?(R«) i s s tm a quasi-normed space of functions, by the Aoki-Rolewicz 
theorem (see [2, 69]), there exist an equivalent quasi-norm ||| ■ ||| and 9 G (0, 1] such that, 
for all f,g€ £ 1 /«(l n ), 



£V9(R") n 

fffir <i/if + 



Form this, it follows that 



19 ~ 7^ Y WWpWjXjXQ, 
3=0 



j>-i 



|p|r0 



Iplrfl 



j=0 



l-H j=0 
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1 



jp-i 



< II \ ll y - o-iAO \ n \t6 < II ^ iid 

~ ii A ii/-; a( R«)— 2^ 2 ivii ~ ii A ii/Z';, a (K")' 

j=0 



which completes the proof of Theorem 9.10. 



□ 



Remark 9.11. In many examples (see Section 11), it is not so hard to show that (9.22) 
holds true. 

The following theorem generalizes [82, Theorem 1.1]. Recall that £(M n ) carries the 
parameter Nq from (£6). 

Theorem 9.12. Let oj G W£f a2 with ai,Q 2 ,a 3 G [0, oo). 

(i) Assume r G (0, oo), q G (0, oo) and that (C7) holds true. If a ^> 1, then Af^'^ ^W 1 ) 
is a proper subspace of B^ a (R n ). 

(ii) Ifa£ (0, oo) and r G [0, oo), then AF£ a (^ n ) = ^c'^o a (^ n ) equivalent norms. 

Proof. Since (ii) is immediately deduced from the definition, we only prove (i). By (C7) 
and Theorems 4.5 and 9.2, we see that 



l^llb™' T a (R") 



sup 



PeQ(K") \ P \ 



sup 

P6Q(M") 



P 



E 

j=j P \/0 
oo 

E 

. j=jpV0 



XPW > S (1 + 2%|)° E lXjklXQ * ki ~ + V) 

XPWj \ X Jk\XQ : 



1/9 



£(R") , 



1/'/ 



£(M") . 



and 



C,q,a\ 



E 



sup 



j=jpV0 PeQ(m \ p \ rq 



OO j 

I] su p Tp\ 



^% s e T(TT^W,5j VlxQjfc( ' + y) 



vi=jp vo^2( K ") 
We abbreviate 



pWq 



XPWj Y \^jk\XQ jk 



£(R ?l ) . 



1/9 



£(R«) . 



1/9 



to i?j for all j GZ and set 



\ ._ / iK'^i ii J c(V)i jR ir' ^ = r j for some j e Z ' 

Q ~ } 0, Q + Rj for any j G Z. 
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Then we have 



j=j P V0 



In order that the inner summand is not zero, there are there possibilities: (a) P contains 
{Rk, Rk+i, ■ ■ ■ }; (b) P agrees with for some k G Z; (c) P is a proper subset of Rk for 
some k G Z. The last possibility (c) dose not yield the supremum, while the first case (a) 
can be covered by the second case (b). Hence it follows that 



IAI 



1 f 00 

kl [j=k\/0 



1/9 



~ jup — — llxflfc^fcA^ || £(Mn) - 



Meanwhile, keeping in mind that g is finite, we have 

1/9 




'Wnii^jAiiJ* , V =00. (9.26) 



This, together with Theorem 4.1, the atomic decomposition of (B^ a (R n ) , a (M. n )) and 
(■^c,q,a( Rn )^ n c, T q,a( Wl ))> ( 9 - 25 ) and ( 9 - 26 )> then completes the proof of Theorem 9.12. □ 



10 Homogeneous spaces 

What we have been doing so far can be extended to the homogeneous cases. Here we give 
definitions and state theorems but the proofs are omitted. 
Following Triebel [90], we let 

Soo(Ijr) :=\<pe S{R n ) : / cp(x)x' y dx = for all multi-indices 7 G Z' 

and consider 5 00 (M ri ) as a subspace of S(W l ), including the topology. Write S' 00 (W n ) to 
denote the topological dual o/5oo(K n ), namely, the set of all continuous linear functionals 
on 5oo(]R n ). We also endow 5^(M n ) with the weak-* topology. Let V(R n ) be the set of all 
polynomials on W 1 . It is well known that 5^ (M n ) = S'(M n )/V(W l ) as topological spaces 
(see, for example, [104, Proposition 8.1]). 

To develop a theory of homogeneous spaces, we need to modify the class of weights. 
Let := {(x,t) G : log 2 t G Z}. 

Definition 10.1. Let a\, 02,013 G [0, 00). Then define the class Wat,a 2 of weights as the 
set of all measurable functions w : — > (0, 00) satisfying the following conditions: 
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(i) Condition (H-Wl): There exists a positive constant C such that, for all x G M. n and 
j, v G Z with j > 

C- l 2- { i- u)ai w{x,2~ u ) < w(x,2- j ) < C2- ( - u - j ^ 2 w(x,2- u ). 

(ii) Condition (H-W2): There exists a positive constant C such that, for all x,y G M. n 
and j G Z, 

Wj(x) < Cw(y, 2~ j ) (1 + 2 j \x - y\) a ' 3 . 
The class ★ — HJ 3 is defined by making similar modifications to Definition 3.12. 
As we did for the inhomogeneous case, we write Wj(x) := w(x,2~ J ) for x G M n and 

j ez. 

Definition 10.2. Let q G (0, oo] and r G [0, oo). Suppose, in addition, that w G Wal,a 2 
with ai,Q2,«3 G [0, oo). 

(i) The space l q {C™{R n , Z)) is defined to be the space of all sequences G := {gj}j^z of 
measurable functions on M n such that 

\\G\\l«(C™m n ,2,)) '■= SU P 7^ll{XP™j5i}^ P ll£»(£9(R™,Z)) < oo. (10.1) 
PeQ(R") Kl 

(ii) The space £ q (N£™(W l ,I J )) is defined to be the space of all sequences G := {gj}jt=z 
of measurable functions on M n such that 

{oo 1 1/9 

( \\XP w j9j \\c(R n ) \ q I 
2^ SU P r5w if < 00 • ( 10 - 2 ) 
~^PeQ(R") V / J 

(iii) The space £^(f ? (M n , Z)) is defined to be the space of all sequences G := {gj}j e % 
of measurable functions on M. n such that 

\\G\\c™(ei(R™,z)) '■= sup r-^-\\{xpWjgj} ( fLj p \\iq(c w (m. n ,'&)) < °o. (10.3) 
PeQ(R n ) K I 

(iv) The space <£X^(£ 9 (R n , Z)) is defined to be the space of all sequences G := {gj}jt=z 
of measurable functions on M n such that 

\\G\\ec^(li(R^,Z)) ■= sup T^7r||{XP^j5j}^=-cx)lk«(£»(R™,Z)) < °°. ( 10 - 4 ) 
PeQ(R n ) Kl 

When g = oo, a natural modification is made in (10.1) through (10.4) and r is omitted 
in the notation when r = 0. 



Generalized Besov-type and Triebel-Lizorkin-type spaces 



87 



10.1 Homogeneous Besov-type and Triebel-Lizorkin-type spaces 

Based upon the inhomogeneous case, we present the following definitions. 

Definition 10.3. Let a G (0, oo), a>i,a 2 ,a 3 ,T G [0, oo), q G (0, oo] and w G VV"^. 
Assume also that £(W l ) is a quasi- normed space satisfying (CI) through (C4) and that 
ip G 5oo(IR n ) satisfies (1.3). For all / G 5^(M n ), xeR" and j G Z, let 



l^j *f(x + y)\ 



yew 1 (l + 2%|) a 



(10.5) 



(i) The homogeneous generalized Besov-type space B^JW 1 ) is defined to be the space 
of all / G S'^W) such that 



< OO. 



(ii) The homogeneous generalized Besov-Morrey space A(£^ a (M n ) is defined to be the 



space of all / G S' 00 (W l ) such that 



< OO. 



(iii) The homogeneous generalized Triebel-Lizorkin-type space F^'^ a (M n ) is defined to 
be the space of all / G S' OQ (W l ) such that 



< oo. 



(iv) The homogeneous generalized Triebel-Lizorkin-Morrey space ££q a 0& n ) is defined 
to be the space of all / G S' 00 (M n ) such that 



l/l 



{(¥$/).}* 



< oo. 



(v) Denote by •A^ a (M n ) one of the above spaces. 

Example 10.4. One of the advantages of introducing the class a2 is that the intersec- 
tion space of these function spaces still falls under this scope. Indeed, let a±, a 2 , 0:3, Pi, P 2 , 
@3,T G [0,oo), q,qi,q 2 G (0, 00], w G V\?al,a 2 an ^ w ' e ^Sife' Then ^ ^ s eas y *° see 

The following lemma is immediately deduced from the definitions (c. f. Lemma 3.8). 
LEMMA 10.5. Let a%, a 2 , CK3, t G [0, 00), q,q±,q 2 G (0, 00] and w G VV^ 1 3 Q2 . T/ien 

^;;, a (K n ) ^ ^ 2)a (R"), 
■aS£,.CR b )^^S^(R b ). 
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Fr' T (R n )^Fr' T (M n ), 

C,qi,a\ I C,q2,a\ /» 

JL,q\,a\ ) L,,qi,a\ I 

and 

in the sense of continuous embeddings. 

The next theorem is a homogeneous counterpart of Theorem 3.14. 

Theorem 10.6. Let ai,a2,a3,r G [0, oo), q G (0, oo] and w G VV^i 5 Then the spaces 
^?9o(^ n ) an ^ ^c'qa(^- n ) are continuously embedded into iS^ (M n ). 

Proof. In view of Lemma 10.5, we have only to prove that 

^ <^(R"). 

Suppose that $ satisfies (1.2) and that $ equals to 1 near a neighborhood of the origin. 
We write </?(■) := $(•) - 2~ n $(2- 1 -) and define :=/-$* / for all / G 5^(M n ). 

Then by Theorem 3.14, we have Li(B^ a (R n )) ^ S'(M n ) ^ 5^(IR n ). Therefore, we 
need to prove that 

o 

L 2 (f) ■= Yl W*? 

j=-oo 

converges in S' 00 (W n ) and that L2 is a continuous operator from B™'^ a (M n ) to S' co (M. n ). 
Notice that, for all j G Z and i£l", 

<2*H(^/) (x). 

Consequently, for any k G <Soo(]R n ), we have 

< / \K{x)d a {^*f){x)\dx<2l\ a \ [ \ K (x)\(<p*f) a (x)dx. 

Now we use the condition (H-W2) to conclude that 

\k(x)\ 



J 



n{x)d a {ipj * f){x) dx 



J R n W{X, 1) 

< 2 i{\a\-a,-M) J- (\ k \ + I Wj (x)(<p*fUx)dx. 
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By (£6) and (H-W2), we further see that 



n(x)d a ((pj * f)(x) dx 



< 2 j{\a\-a^8 ) J- (\ k \ + ir M+5 »\\ Wj (<p*f) a \\ mn) 



Therefore, the summation defining L%(f) converges in 5^ (R n ), which completes the proof 
of Theorem 10.6. □ 

We remark that these homogeneous spaces have many similar properties to those in 
Sections 4 through 9 of their inhomogeneous counterparts, which will be formulated below. 
However, similar to the classical homogeneous Besov spaces and Triebel-Lizorkin spaces, 
(see [90, p. 238]), some of the most striking features of the spaces B^^ a {R n ), F^'^ a (M. n ), 



C,q,a 



aIld £ %q,J 



have no counterparts, such as the boundedness of pointwise 
multipliers in Section 5. Thus, we cannot expect to find counterparts of the results in 
Section 5. 



10.2 Characterizations 

We have the following counterparts of Theorem 3.5. 

Theorem 10.7. Let a, a±, 0£2, Qt3,T, q, w and C(M n ) be as in Definition 10.3. Assume that 
tp £ S OQ (W n ) satisfies that 

+ if £ - < |e| < 2e. 

for some e € (0,oo). Let ^(-) := 2^ n tp(2^) for all j € Z and {(ip*- f) a }jeZ be as in (10.5) 
with <f replaced by ip. Then 









f'(£y(K n ,Z)) 



















and 



l/l 



with implicit equivalent positive constants independent of f . 

We also characterize these function spaces in terms of local means (see Corollary 3.6). 
Corollary 10.8. Under the notation of Theorem 10.7, let 

<mf(x,2-i) :=sup|^*/(x)| 
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for all (x,2 J ) € an d f e <^oo(^ n )> where the supremum is taken over all ip in 

5oo(]R n ) satisfying that 

sup (1 + \x\) N \&*ij)(x)\ < 1 

\a\<N 

and that, for some e € (0, oo), 



Then, if N is large enough, then for all f € tS^M") 







{W(-,2^)}. eZ 






ffi«) ~ 


{art/(.,2-0} i6Z 






R") ~ 


{W(-,2-^)}. 6Z 




ll/lb- 


(K») ~ 


{W(-,2- J )}, 6Z 


EC™ (£« 



and 



with implicit equivalent positive constants independent of f . 



10.3 Atomic decompositions 

Now we place ourselves once again in the setting of a quasi-normed space C(M n ) satisfying 
only (CI) through (£6). Now we are going to consider the atomic decompositions of these 
spaces in Definition 10.3. 

Definition 10.9 (c. f. Definition 4.1). Let K G Z + and L G Z + U {-1}. 

(i) Let Q G Q(K n ). A (K,L)-atom (for A s ^ a (R n )) supported near a cube Q is a 
C^(IR n )-function a satisfying 

(the support condition) supp (a) C 3Q, 

(the size condition) ||d a a||z,°°(R«) < (Qp' " 1 , 

(the moment condition) / x^a(x) dx = 



for all multiindices a and j3 satisfying ||a||i < K and ||/3||i < L. Here the moment 
condition with L = — 1 is understood as vacant condition. 

(ii) A set {«jfc}jez, fcez n of C^(M n )-functions is called a collection of ' (K,L)- atoms (for 
A S £ T a (M n )), if each is a (K, L)-atom supported near Qjk- 
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Definition 10.10 (c. f. Definition 4.2). Let K e Z+, L G Z+ U {-1} and AT » 1. 

(i) Let Q G Q(M n ). A (K, L) -molecule (for A s / f qa (W 1 )) supported near a cube Q is a 
C x (IR n )-function SDt satisfying 



(the decay condition) \d a Wl(x)\ < 1 + 



KQ) 



-N 



for all x & M. n , 



(the moment condition) / x l3 dJt(x) dx = 



for all multiindices a and /3 satisfying ||a||i < K and ||/3||i < L. Here cq and £(Q) denote, 
respectively, the center and the side length of Q, and the moment condition with L = — 1 
is understood as vacant condition. 

(ii) A collection {SPtjfcljez, fceZ" of C^(R n )-functions is called a collection of (K,L)- 
molecules (for A S ^ T (W 1 )), if each 931^ is a (K, L)-molecule supported near Qj 



ijk- 



In what follows, for a function i 7 on Eg +1 , we define 

\F(y,2-i)\ 



) •" 



sup 



and 



sup 



sup 



(1 + 23'| • 


-y\Y\ 


\F(y,2- 


j )\ \ 


(1 + 2i | - - 


-y\) a j 


\F(y,2 





sup 



(l + 2i|.-y|)« 
\F(y,2-i)\ 1 



£ 9 (.A/£™(R n ,Z)) 



£™(£9(R",Z)) 



n (l + 2i| --y|) a 



Definition 10.11 (c. f. Definition 4.3). Let a\,a%,a^T G [0, oo) and g G (0, oo]. Suppose 
that w G a 2 - Assume that G 5(M n ) satisfy, respectively, (1.2) and (1.3). Define 
A : -4 c'by setting, for all (x, 2~i) G 



A(cc,2 J ) := X jmXQ jm ( x ): 



when A := {\jm}jez,m£Z n , a doubly-indexed complex sequence, is given. 



i) The homogeneous sequence space b^ a (M. n ) is defined to be the space of all A such 



that A hi^T fmn\ • — A rW,-r /Tren+ls <C OO. 



(ii) The homogeneous sequence space h^' q a (M n ) is defined to be the space of all A such 



that ||A|U«.t mn \ : : \\A\\j^w,t fm n+i^ < oo. 
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(iii) The homogeneous sequence space f£'g a 0^- n ) is defined to be the space of all A such 
that IWI/££ (r») := H^Hi^'J"^^-^) < °°- 

(iv) The homogeneous sequence space G^'^ a (M. n ) is defined to be the space of all A such 

that A \\f, w < T /mn\ '■ = A Lto.T /n»n+l\ < oo. 

As we did for inhomogeneous spaces, we present the following definition. 

Definition 10.12 (c. f. Definition 4.2). Let X be a function space embedded continuously 
into S' 00 (W n ) and X a quasi-normed space of sequences. The pair (X, X) is called to admit 
the atomic decomposition if it satisfies the following two conditions: 

(i) For any f £ X, there exist a collection of atoms, {ojfcjjez, kez n , and a sequence 
{\jk}jez,kez™ such that / = YlJL-oo Sfcez™ ^jkdjk holds true in S'^W 1 ) and that 

\\{^jk}j£Z,k£Z"\\x ^ \\f\\x- 

(ii) Suppose that a collection of atoms, {ajfc}jez, k&z n : and a sequence {^jk}jez,k&z n 
such that \\{Xjk}jeZ,keZ n \\x < oo. Then the series / := E^-oo Sfcez™ -V a jfc converges 
in 5^(M n ) and satisfies that \\f\\ x < \\{Xjk}jeZ, fcez™ \\x- 

In analogy one says that a pair (X, X) admits the molecular decomposition. 

The following result follows from a way similar to the inhomogeneous case (see the proof 
of Theorem 4.5). 

Theorem 10.13. Let a\, 02, a^,T G [0, oo) and q G (0, oo]. Suppose that w £ a2 and 
that (3.27), (4.1), (4.2) and (4.3) /iota true. Then the pair (i^ a (M n ), a^ a (M n )) adraiis 
i/ie atomic decomposition. 

In principle, the proof of Theorem 10.13 is analogous to that of Theorem 4.5; We just 
need to modify the related proofs. Among them, an attention is necessary to prove the 
following counterpart of Lemma 4.7. 

Lemma 10.14. Let 0.1,02,0:3 G [0, 00) and w G W" 3 a2 . Assume that K G Z + and L G Z + 
satisfy (4.1), (4.2) and (4.3). Let A := {Aj fc }j eZj fceZ n G ^'^(R"') and {2ttjfc}jez,fc£Z™ be 
a family of molecules. Then f = ^2kez n ^jk^jk converges in S'^lW 1 ). 

Proof. Let cp G <Soo(IR n ) be a test function. Lemma 4.7 shows /+ := ^jliX^fcez™ ^jk^jk 
converges in S' OQ (W l ). So we need to prove /_ := Ylj=-oo Sfcez™ ^jk^jk converges in 

Let M > 1 be arbitrary. From Lemma 2.10, the definition of the molecules and the 
fact that tp G S^W 1 ), it follows that for all j < and k G Z n , 



yjtjk(x)ip(x) dx 
By (£6), we conclude that 
Wljk(x)tp(x) dx 



< 2^ M+1 \l + 2-i\k\)- N . 



< 2 ,(M + i- 7)(1 + 2 -3\ k \ T N {l + \k\)+ s °\\ XQjk \\ mn) . 
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Consequently, we see that 

Ajfc / VJl jk (x)tp(x) dx 

JM. n 

So by the assumption, this inequality is summable over j < and k £ Z™, which completes 
the proof of Lemma 10.14. □ 

The homogeneous version of Theorem 4.9, which is the regular case of decompositions, 
reads as below, whose proof is similar to that of Theorem 4.9. We omit the details. 

Theorem 10.15. Let K € Z + , L = —1, ai, ct2, Q<3, t € [0, oo) and q € (0, oo]. Suppose 
that we*- VVai,a 2 - Assume, in addition, that (3.27), (4.2), (4.22) and (4.23) hold true, 
namely, a G (iVo + 03,00). Then the pair {A^ T a (M n ), (^'^(W 1 )) admits the atomic / 
molecular decompositions. 



< 2i(M+ l- 7 -a l)(1 + |A;|) -iV +a 3+<5o|| A || 

L.,oo,a v t 



10.4 Boundedness of operators 

We first focus on the counterpart of Theorem 6.5. To this end, for £ € N and a£l, let 
m G C/(M n \{0}) satisfy that, for all \a\ < £, 

<A a <oo. (10.6) 

The Fourier multiplier T m is defined by setting, for all / € 5oo(IR n ), (T m f) := mf. 

We remark that when a = 0, the condition (10.6) is just the classical Hormander 
condition (see, for example, [88, p. 263]). One typical example satisfying (10.6) with a = 

is the kernels of Riesz transforms Rj given by (Rjf)(£) '■= —ij^f{£) for ah £ £ K n \ {0} 
and j € {1, • ■ ■ ,n}. When a 7^ 0, a typical example satisfying (10.6) for any £ £ N is 
given by m(£) := f° r £ € W l \ {0}; another example is the symbol of a differential 

operator d a of order a := o\ + • • • + a n with a := (a±, • • • , a n ) G Z" . 

It was proved in [101] that the Fourier multiplier T m is bounded on some Besov-type 
and Triebel-Lizorkin-type spaces for suitable indices. 

Let m be as in (10.6) and K its inverse Fourier transform. To obtain the boundedness 
of T m on the spaces B^ a (R n ) and F^' T a (IR n ), we need the following conclusion, which is 
[101, Lemma 3.1]. 

Lemma 10.16. K e 5^(M n ). 

The next lemma comes from [4, Lemma 4.1]; see also [101, Lemma 3.2]. 

Lemma 10.17. Let i/j be a Schwartz function on M n satisfy (1.3). Assume, in addition, 
that m satisfies (10.6). If a S (0, 00) and £ > a + n/2, then there exists a positive constant 
C such that, for all j G Z, 

/ (l + 2 j \z\) a \{K *i; j ){z)\dz < C2~ ja . 



sup 

i?e(o,oo) 



j£-n+2a+2|oi 



\d?m(0\ 2 d£ 



R<\£\<2R 
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Next we show that, via a suitable way, T m can also be defined on the whole spaces 
£<j~a(^ n ) an d ^£'L(^ n )' V 9 be a Schwartz function on M n satisfy (1.3). Then there 
exists <£>t G S(M. n ) satisfying (1.3) such that 

J>J*Pi = *o (10-7) 

in 5^(M n ). For any / G i^£ a (R n ) or B%£ a (WL n ), we define a linear functional T m f on 
5oo(]R n ) by setting, for all <f> € «S 00 (R n ), 



(T m /,</>) :=^/* ¥ »t* w *0*iif(O) (lOi 



as long as the right-hand side converges. In this sense, we say T m f G iS^R"). The 
following result shows that T m f in (10.8) is well defined. 

Lemma 10.18. Let £ G (n/2, oo), a G R, a G (0, oo), ai,a2,a3,T G [0, oo), g G (0, oo], 
io G W„j Q2 and / G F^'^ a (K n ) or B^ a (R n )- T/ien i/ie series in (10.8) is convergent and 
the sum in the right-hand side of (10.8) is independent of the choices of the pair [ip\ ip). 
Moreover, T m f G 5^(M n ). 

Proof. By similarity, we only consider / G F^^ a (M. n ). Let (tp^,ip) be another pair of 
functions satisfying (10.7). Since 4> € S ao (W n ), by the Calderon reproducing formula, we 
know that 

in 5oo(M n ). Thus, 

f * (p\ * Pi* (/> * k(o) = ^2 f * pI * Pi* 1 V 1 ] * V" j * 1 * -^(o) 

i+l 

where the last equality follows from the fact that ipi * tpj = if \i — j\ > 2. 
Similar to the argument in Lemma 6.3, we see that 



Y^\f*<Pi*<p\*il>i*i>i*<i>* K(0)\ < 

i=0 

where a is an arbitrary positive number. When i < 0, notice that 
\Pi* f{y - z)\\ifi{-y)\dy 

E(r»l. b ' ,,,, -* s 



< 
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y z i^z \z U ujiy-z^ 1 ) I \<pi*f(y-z)\dy 



< 



Qik 



< 



< 2 m— JQl (1 -)- 2* |z|) ct3 2 — mT 



which, together with the fact that, for M sufficiently large, 

2 in 



\^*(f>(y-z)\<2 



iM 



(1 + 2i\y - z\) n + M 
and Lemma 10.17, further implies that 

\f*tpi* ip\ * tpi * ipj * 4> * k(o)\ 
W i/.«.rfc-«)*.W •*•*«!«. 

lB) / (l + 2>|) Q3 |^*Vf* <t>*K{z)\dz 



i<0 

<^ ^^Qin—iaiQ—inT 
i<0 

i<0 



< 



2 <n (l + 2 i |z| 



"3 



n ./In 



(l + 2 i |y-z|) n + M ' ri 



where we chose M > a± — In. 

Similar to the previous arguments, we see that 



i+l 



< 



F£ T (Rn). 



Thus, T m / in (10.8) is independent of the choices of the pair (tp^,ip). Moreover, the 
previous argument also implies that T m f G S' 00 (W l ), which completes the proof of Lemma 
10.18. □ 



Then, by Lemma 10.17, we immediately have the following lemma and we omit the 
details here. 

Lemma 10.19. Let a G K, a G (0, oo), < G N and (p, ip G 5oo(IR n ) sate/y (1.3). Assume 
that m satisfies (10.6) and f £ 5^(M n ) sucfc iforf T m / G 5^(M n ). If £ > a + n/2, then 
there exists a positive constants C such that, for all x, y G M n and j€Z, 



|(T m / * ^-)(y)l < C2~^ (1 + 2?\x - y\) a (<p*f) a (x). 
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Theorem 10.20. Let a G R, a G (0, oo), oi,a 2 ,a3,T G [0, oo), q G (0, oo], w G Wai,a 2 
and w(x, 2~ 3 ) = 2 :ja w(x,2~ J ) for all x G M n and j G Z. Suppose that m satisfies (10.6) 
u>ii/i f £ N and £ > a + n/2, then there exists a positive constant C\ such that, for all 
f G F^^ a (R n ), \\T m f\\pw, T ^ Rn ^ < Ci\\f\\pw,T and a positive constant C2 such that, 

for all f G B^ a (R n ), \\T m f\\^s,r < C^H/Hguvr ^ Rn y Similar assertions hold true for 

££J B (R») and/^J B (R»). 

Proof. By Lemma 10.19, we see that, if £ > a + n/2, then for all j G Z and x G M n , 

2>° (#(T m /)) 8 (*)<fo$/) a (s). 

Then by the definitions of F^'^ a (M n ) and i?^'^ a (M n ), we immediately conclude the desired 
conclusions, which completes the proof of Theorem 10.20. □ 

The following is an analogy to Theorem 3.10, which can be proven similarly. We omit 
the details. 

Theorem 10.21. Let s G [0, oo), a > 03 + N , cti,a2,as,r G [0, oo), q G (0, 00] and 
w G y^afa 2 - Set w*(x,2~ 3 ) := 2 ]S Wj(x) for all x G W 1 ' and j G Z. Then the lift operator 
(-A) 3 / 2 is bounded from A^ a (R n ) to A^ a {R n ). 

We consider the class (R n ) with /i G [0, 1). Recall that a function a is said to belong 
to a class S^(R n ) of C°°(M™ x ^-functions if 



sup \^\- m -^-^\didfa(x,0\ < S 1 



for all multiindices <3 and /3. One defines 

a(X,D)(/)(x) := / a(x,0f(Hy x <dd 



for all / G <Soo(IR n ) and x G K". Theorem 6.6 has a following counterpart, whose proof is 
similar and omitted. 

Theorem 10.22. Let a weight w G W^ a2 with 01,02,03 G [0, 00) and a quasi-normed 
function space £(M n ) satisfy (CI) through (£6). Let fi G [0, 1), r G (0, 00) and q G (0, 00]. 
Assume, in addition, that (3.27) holds true, that is, a G (Nq + 03,00), where Nq is 
as in (C6). Then the pseudo- differential operators with symbol S® (M. n ) are bounded on 

10.5 Function spaces A^ a (R n ) for r large 
Now we have the following counterpart for Theorem 7.2 
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Theorem 10.23. Let uj G VV^ Q2 with a\, 02,03 > 0. Define a new index r by 

t := limsup ( sup — : log 2 j. 7, ] 

j^oo \PeQj(R n ) n J \\XP\\C(R") J 

and a new weight uj by 

u(x, 2~ j ) := 2 jn ( T ~^u(x, 2~ j ), x G R n , j G Z. 
Assume that r and r satisfy 



T>T>0. 



Then 



(1) w e w ( ^ 3 i „ n(r _ ?))+i(a2+n(r _~ ))+ ; 

(ii) /or aZZ q G (0, 00) and a > 03 + No, ^^(R™) andB^ a (R. n ) coincide, respectively, 
with a (M n ) and B^ ^ a (K n ) with equivalent norms. 

10.6 Characterizations via differences and oscillations 

We can extend Theorems 8.2 and 8.6 to homogeneous spaces as follows, whose proofs are 
omitted by similarity. 

Theorem 10.24. Let a, a\, a 2 , a 3 , r G [0, 00) , u G [l,oo], q G (0, 00] and w G *— W£® 

If M G N, cti G (a, Af) and (8.2) ao/ds true, i/ien there exists a positive constant C := 

C(M), depending on M, such that, for all f G 5^(]R n ) fl Lj oc (IR n ), the following hold 
true: 
(i) 



sup 

z6R n 



<5 2-i (1 + 2J>|)«* 



- l/„ < 









£<?(£™(R n ,Z)) 



u>ii/i iae implicit positive constants independent of f. 
(ii) 



sup 



|Af/(- + z)|" 

C2-i (1 + 2J>|)^ 



I/II 



with the implicit positive constants independent of /. 
(iii) 



sup 



|Aft*/(- + z)|" 
\h\<C2-i (l + 2i|*|)«* 



- 






j6Z 
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with the implicit positive constants independent of /. 
(iv) 



sup 

zeR™ 



\h\<C2~] 



iAf/(-+z)r 

{l + 2i\z\) au 



dh 



with the implicit positive constants independent of /. 

Theorem 10.25. Let a, a±, a 2 , a 3 , r G [0, oo), u G [1, oo], q £ (0, oo] and w G *— VV" 3 
If M £ N, ai £ (a,M) and (8.2) holds true, then, for all f G S^QR") n L\ 
following hold true: 

(i) 



loc 1 



ai ,ct2 ' 
the 



osc*Jf(- + z,2-J) 

^ (i + 2j>|)« 



iG2 



with the implicit positive constants independent of f. 
(ii) 



osc^/(- + z,2- 



sup 



el fn (1 + 2?>|)° } jez 



C,q,t 



with the implicit positive constants independent of f. 
(iii) 



sup 

zeR™ 



os(ff/(- + z,2-J) 
(l + 2i\z\) a 



3& 



l/IU^.O*") 



u>i£/i the implicit positive constants independent of f. 
(iv) 



sup 



osc£«/(- + *,2-J) 



zel f» (l + 2i|z|) a 



J62 



EC™ I 



■urai/t i/ie implicit positive constants independent of f. 



Next, we transplant Theorems 9.6 and 9.8 to the homogeneous case. Again, since their 
proofs are similar, respectively, to the inhomogeneous cases, we omit the details. 

Theorem 10.26. Suppose that a > N and that (9.19) is satisfied: 

(i + \x\)- N e C(R n )n£'(R n ). 
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Assume, in addition, that there exists a positive constant C such that, for any finite 



sequence {£k}kL-k ^ a ^ n 9 values {—1,1}, 



feo 

E 

k=—ko 



£kPk * f 



< CII/H/rdR™)) 



*) 



fco 
k=—ko 



<C\\g\ 



(10.9) 



for all f G £(R n ) and g G £'(R n ). Then, £(R n ) and £'(R n ) are embedded into S'^W 1 ), 
£(R n ) and£'(R n ) are embedded into <S^(IR n ), and £{R n ) and £^° 2 a (R n ) coincide. 

Theorem 10.27. Let £(R n ) be a Banach space of functions such that the spaces £ p (R n ) 
and (£') p (R n ) are Banach spaces of functions and that the maximal operator M is bounded 
on (£P(R n ))' and ({£') p (R n )Y for some p G (1, oo). Then (10.9) holds true. In particular, 
if a> N and (1 + \x\)~ N G £{R n ) n £'{R n ), then £{R n ) and £'(R n ) are embedded into 
5^(M n ), and£{R n ) and £%° 2 a {R n ) coincide. 



As a corollary £(R n ) enjoys the following characterization. 

COROLLARY 10.28. Let £(R n ) be a Banach space of functions such that £ p (R n ) and 
(£') p (R n ) are Banach spaces of functions and that the maximal operator M is bounded 
on (£ p (R n ))' and ({£') p (R n )Y for some p G (l,oo). If a > N and (1 + Ixj)^ G 
£(R n )n£'(R n ), then 

\\f\\c(R n ) n 




Af/(- + z)|« 



lh] <C2-i (1 + 2*>|) 
OBe*ff(- + z,2-i 



dh 



- 






jez 



crl 
CL -Q 



(l + 2i\z\Y 



eel 



with the implicit positive constants independent of f G £{R n ). 



11 Applications and examples 

Now we present some examples for £(R n ) and survey what has been obtained recently. 
11.1 Morrey spaces 

Morrey spaces Now, to begin with, we consider the case when £{R n ) := A4u(R n ), the 
Morrey space. Recall that definition was given in Example 5.5. Besov-Morrey spaces and 
Triebel-Lizorkin-Morrey spaces are function spaces whose norms are obtained by replacing 
the L p -norms with the Morrey norms. More precisely, the Besov-Morrey norm \ \ ■ ||A/^ 9r .(R n ) 
is given by 



ll/lk?, 



I** /II 




l/r 



Pi* /II 
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and the Triebel-Lizorkin-Morrey norm \\ ■ \\s^ r (u n ) 1S given by 

ll/lk| 9r (R™) : =ll^ * /IIm?(R' i )+ 

for < q < p < oo, r G (0, oo] and s£M, where 3> and (p are, respectively, as in (1.2) and 
(1.3), and c^-(-) = 2^V(2-?-) for all j G N. The spaces M^ qr (R n ) and £p qr (R n ) denote the set 
of all / G 5'(IR n ) such that the norms r (R n ) an d \\f\\s s r (R n ) are finite, respectively. 

Let A s pqr (R n ) denote either one of M^ qr (W n )and £° qr (R n ). Write 

%,a(^) := i% SiB (R B ) and ^,(8") :=Fjjr). 

Then, if we let Wj(x) := 2 JS (x G M n , j G Z + ) with s G M, then it is easy to show 
that M^^R 11 ) := Np;u, q , a {R n ) coincides with M^ u>q (R n ) when a > and that 

Fp,u, q ,a( Rn ) := F P,LA Rn ) coincides with ^ )U)? (M n ) when a > min( ^ g) . Indeed, this is 
just a matter of applying the Plancherel-Polya-Nikolskij inequality (Lemma 1.1) and the 
maximal inequalities obtained in [80, 89]. These function spaces are dealt in [80, 89]. 
Observe that (CI) through (£6) hold true in this case. 

There exists another point of view of these function spaces. Recall that the function 
space ApJj(M. n ), defined by (3.1), originated from [98, 99, 100]. The following is known, 
which Theorem 9.12 in the present paper extends. 

Proposition 11.1 ([103, Theorem 1.1]). Let s£i. 

(i) If0<p<u<oo and q G (0, oo), then A/jL ? (M n ) is a proper subset of B p ]% u (R n ). 

s, 1 -- 

(ii) If0<p<u<oo and q = oo, then J\f^ pq (R n ) = B Ptq u (R n ) with equivalent norms. 

(iii) If0<p<u<oo and q G (0, oo], then £* pq (R n ) = F p ' q p u (W 1 ) with equivalent 
norms. 

An analogy for homogeneous spaces is also true. 

Other related spaces are inhomogeneous Hardy- Morrey spaces hA4 q (R n ), whose norm 
is given by 

II/Lm?(m™) := 

for all / G 5'(IR n ) and < q < p < oo, where <3> is as in (1.2). 
Now in this example (3.2) actually reads 

n ri 

C(R n ) :=M p JR n ), 6:=mm{l,q}, N := - + 1, 7:=-, 5 : = 
1 p p 

and C(R n ) satisfies (CI) through (£6) and (C8) (see [79, 89]). Meanwhile (3.3) actually 
reads as 

Wj(x) := 1 for all x G R n and j G Z+, ot\ = 012 = «3 = 0. 



1/r 



2^>i*/r 



sup 

0<t<l 



It-^Ct- 1 -)*/! 
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Hence, (3.4) is replaced by 

71 

t G [0, oo), q G (0, oo], a > - + 1. 

P 

We refer to [32, 33, 43, 74, 75, 80, 83] for more details and applications of Hardy-Morrey 
spaces, Besov-Morrey spaces and Triebel-Lizorkin-Morrey spaces. Indeed, in [43, 74, 80], 
Besov-Morrey spaces and its applications are investigated; Triebel-Lizorkin-Morrey spaces 
are dealt in [74, 75, 80]; Hardy-Morrey spaces are defined and considered in [32, 33, 75, 83] 
and Hardy-Morrey spaces are applied to PDE in [33] . We also refer to [30] for more related 
results about Besov-Morrey spaces and Triebel-Lizorkin-Morrey spaces, where the authors 
covered weighted settings. 



Generalized Morrey spaces We can also consider generalized Morrey spaces. Let 
p G (0, oo) and <j) : (0, oo) — > (0, oo) be a suitable function. For a function / locally in 
L p (R n ), we set 



1 

W\ 



\f(x)\ p dx 



where £(Q) denotes the side-length of the cube Q. The generalized Morrey space A4<j > ,p(R n ) 
is defined to be the space of all functions / locally in L p (IR n ) such that H/H^ (k™) < °o. 
Let C(R n ) := M^^R™). Observe that (CI) through (£6) are true under a suitable 
condition on <j>. At least (CI) through (C5) hold true without assuming any condition on <fi. 
Morrey-Campanato spaces with growth function eft were first introduced by Spanne [86, 87] 
and Peetre [67], which treat singular integrals of convolution type. In 1991, Mizuhara [54] 
studied the boundedness of the Hardy-Littlewood maximal operator on Morrey spaces 
with growth function <j>. Later in 1994, Nakai [56] considered the boundedness of singular 
integral (with non-convolution kernel), and fractional integral operators on Morrey spaces 
with growth function <p. In [58], Nakai started to define the space A4^^ p (W n ). Later, this 
type of function spaces was used in [44, 56, 76]. We refer to [60] for more details of this 
type of function spaces. In [57, p. 445], Nakai has proven the following (see [78, (10.6)] 
as well). 

Proposition 11.2. Let p G (0, oo) and (f> : (0, oo) — > (0,oo) be an arbitrary function. 
Then there exists a function <f>* : (0, oo) — > (0, oo) such that 

4>*(t) is nondecreasing and [(f)* (t)] p t~ n is nonincreasing, (H-l) 

and that M ( j )t p(M n ) and M ( / ) * j p(M. n ) coincide. 

We rephrase (£8) by using (11.1) as follows. 

Proposition 11.3 ([73, Theorem 2.5]). Suppose that 4> ■ (0,oo) — > (0, oo) is an increasing 
function. Assume that (ft : (0, oo) — > (0, oo) satisfies 

J" m 0(r) (H.2) 



102 



Y. Liang, Y. Sawano, T. Ullrich, D. Yang and W. Yuan 



for all r G (0, oo). Then, for all u G (1, oo] and sequences of measurable functions {fjYjLi, 



M 



<t>,p\ 



with the implicit equivalent positive constants independent of {fj}j° =1 . 
Remark 11.4. In [73], it was actually assumed that 



r°° dt 

/ <P(t) — < <p(r) for all r G (0,oo). 
J r t 



(11.3) 



However, under the assumption (11.1), the conditions (11.2) and (11.3) are mutually 
equivalent. 

Now in this example (3.2) actually reads as 



n 



n 



C(R n ) := M^W 1 ), 9:=1, N :=- + l, 7:=-, 6 := 

p p 

and C(W l ) satisfies (£8) by Proposition 11.3 and also (£1) through (£6). While (3.3) 
actually reads 

Wj(x) := 1 for all x G M n and j G Z+, ai = 02 = 03 = 0. 
Hence, (3.4) is replaced by 



n 



t G [0, 00), q G (0, 00], a > - + 1. 



11.2 Orlicz spaces 



Now let us recall the definition of Orlicz spaces which were given in Example 5.5. 
The proof of the following estimate can be found in [8] . 

Lemma 11.5. If a Young function & satisfies 

(Doubling condition) sup — ) < 00, (Vo-condition) inf — r > 2, 

then for all u G (1, 00] and sequences of measurable functions 



(11.4) 



L*(K n ) 



u/ii/t i/ie implicit equivalent positive constants independent of {fj} < ^ =1 . 
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Thus, by Lemma 11.5, L*(K n ) satisfies (£8). Now in this example £(R n ) := L*(K n ) 
also satisfy (CI) through (£6) with the parameters (3.2) and (3.3) actually read as 

£{R n ) := L*(R n ), 0:=1, iV :=n+l, 7 := n, 5 : = 0. 

Indeed, since $ is a Young function, we have 

/ *(2° n X Q j0 (x))dx = 2-**(2> n )>l. 

Consequently \\xq jQ llL*(R n ) — 2~ jn . Meanwhile as before, 

Wj(x) := 1 for all x G M n and j G Z+, ol\ = 02 = «3 = 0. 
Hence (3.4) now stands for 

t G [0, 00), q G (0, 00], a > n + 1. 

This example can be generalized somehow. Given a Young function <£, define the mean 
Luxemburg norm of / on a cube Q € Q(M n ) by 

|/|„=- ta f{A>0= ^.(i^l) *,<!}. 

When := t p for all t G (0, 00) with p G [1, 00), 

that is, the mean Luxemburg norm coincides with the (normalized) L p norm. The Orlicz- 
Morrey space £*'^(M n ) consists of all locally integrable functions / on W 1 for which the 
norm 

\\f\\c*>+te») '■= SU P 4>(KQ))\\fh,Q 
QeQ(K n ) 

is finite. As is written in [77, Section 1], we can assume without loss of generality that 
t 1 — y 4>(t) and t 1— > t n 4>(t)~ l are both increasing. 

Using [77, Proposition 2.17], we extend [37, 38] and [77, Proposition 2.17] to the vector- 
valued version. In the next proposition, we shall establish that (£8) holds true provided 
that ^ 

$ ds < $(Ct) (t G (0, 00)) 
for some positive constant C and for all t G (1, 00). 

Proposition 11.6. Let q G (0, 00]. Let $ be a normalized Young function. Then the 
following are equivalent: 

(i) The maximal operator M is locally bounded in the norm determined by that is, 
there exists a positive constant C such that, for all cubes Q G Q(M n ), 

\\M{g X Q)h,Q<C\\g\\ %Q . 
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(ii) The function space C(M. n ) := £* ,9!, (IR n ) satisfies (C8) with some < r < q and 
w = 1. Namely, there exist R^> 1 and r € (0, oo) such that 

\\{(Vj,R*\fj\ r ) 1/r } £*>(ft(R»,Z + )) 

/toWs true for all {/j}jeN C £*'^(IR n ), where the implicit positive constant is independent 
°f {/jlieN- 

(iii) The function § satisfies that, for some positive constant C and all t € (1, oo), 



f f t 

/ -&(a)ds<$(Ct). 
Ji s 



(iv) The function <I> satisfies that, for some positive constant C and all t G (l,oo), 



ds < <5>(Ct). 



Therefore, a result similar to Besov-Morrey spaces and Triebel-Lizorkin-Morrey spaces 
can be obtained as before. 

Proof of Proposition 11.6. The proof is based upon a minor modification of the known 
results. However, the proof not being found in the literatures, we outline the proof here. 
In [77, Proposition 2.17] we have shown that (i), (iii) and (iv) are mutually equivalent. 
It is clear that (ii) implies (i). Therefore, we need to prove that (iv) implies (ii). In [77, 
Claim 5.1] we also have shown that the space C ' ^(R n ) remains the same if we change 
the value $(£) with t < 1. Therefore, we can and do assume 



I* t 

/ -&(s)ds<$(Ct) 
Jo s 



for all t £ (0, oo). Consequently, 



X^(|£ [M(| ^ n(x)] 



g/r 



1M 



/ 



dx 



x £ 



EMI/iDC*)] 



g/r 



> t 



< 



< 



i X {x6M«:[Er=ll/,(-)l 9 ] 1/9 >l} (X) 



r// 

1 V? 



f// 







oo 






Co 
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oo 


1/9 











< 



1 



L*<*(K n ) 



we have 



j^* ||£[M(i/ i r)(x)] 



1/9 N 

7/r I 



From the definition of the Orlicz-norm || • H^s.^^n), we have (11.4). Once we obtain (11.4), 
we can go through the same argument as [79, Theorem 2.4]. We omit the details, which 
completes the proof of Proposition 11.6. □ 

Now in this example, if we assume the conditions of Proposition 11.6, then (£1) through 
(£6) hold true with the conditions on the parameters (3.2) and (3.3) actually read as 

£(M n ) := L^(M. n ), 6:=1, N :=n + 1, 7 := n, 5 := 0. 

Indeed, since $ is a Young function, again we have 

2 in / $( XQj0 (x)/A) ( ix = $(A- 1 ) 

for A > 0. Consequently 1 1 Xq - ||$,Q j0 = V^ -1 (l) anc ^ hence 

H^ j )\\XQ j0 h,Q j0 = = 0(2^)2^2-^" > 0(1)2"^. 

Here we invoked an assumption that 4>(t)t~ n is a decreasing function. 

Since £ $ '*(M n ) satisfies (£8), we obtain Mx[-\,\]« € £*^(M n ), showing that iV := n 
will do in this setting. 

Meanwhile as before, 

Wj(x) := 1 for all x 6 M n and j G Z + , u\ = 02 = «3 = 0. 
Hence (3.4) now stands for 



t G [0, 00), g G (0, 00], a > n + 1. 



Finally, we remark that Orlicz spaces are examples to which the results in Subsection 
9.2 apply. 
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11.3 Herz spaces 

Let p, q G (0, oo] and a G K. We let Q := [-1, 1]" and Cj := [-2? ,V] n \ [-2^, 2^ 1 } n for 
all j G N. Define the inhomogeneous Herz space Kp^ q (R n ) to be the set of all measurable 
functions / for which the norm 



K£, q (^ n ) := \\XQo • /IIlp(R") + ( y^2 J ' 9a ||xc ? /|| 



Lp(M") 



is finite, where we modify naturally the definition above when p = oo or q = oo. 

The following is shown by Izuki [28], which is (£8) of this case. A complete theory of 
Herz-type spaces was given in [46]. 

Proposition 11.7. Let p G (l,oo), q,u G (0, oo] and a e (— l/p,l/p'). Then, for all 
sequences of measurable functions {fj}JLi, 



T.iMf.r 




with the implicit equivalent positive constants independent of {fjYjLi- 

Now in this example (CI) through (£6) hold true with the parameters in (3.2), (3.3) 
and (3.4) actually satisfying that 

n n 
£{R n ) := K"(R n ), 9 :=mm(l,p,q), N := - + 1 + max(a, 0), 7 :=- + «, 5 := 0, 

q p 



Wj(x) := 1 for all x € M n and j £ Z+, «i = 0:2 = «3 = 0, 
t G [0, 00), q G (0, 00], a G (n/g + 1, 00) 

respectively. By virtue of Proposition 11.7, we know that (£8) holds true as well. 

Therefore, again a result similar to Besov-Morrey spaces and Triebel-Lizorkin spaces 
can be obtained for „(M n ) with p,q G (0, 00] and a G M as before. Homogeneous 
counterpart of the above is available. Define the homogeneous Herz space K^ q (M n ) to be 
the set of all measurable functions / for which the norm 

1 

00 1 

y~i 1 1 2j 9q: / 1 1 ^ P ) 

j=-oo 




is finite, where we modify naturally the definition above when p = 00 or q = 00. 
An analogous result is available but we do not go into the detail. 
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11.4 Variable Lebesgue spaces 



Starting from the recent work by Diening [11], there exist a series of results of the theory 
of variable function spaces. Let p(-) : R n — > (0, oo) be a measurable function such that 
< infa-gRn p(x) < sup^ggn p(x) < oo. The space L p ('\R n ), the Lebesgue space with 
variable exponent p(-), is defined as the set of all measurable functions / for which the 
quantity f Rn \ef(x)\ p ^ dx is finite for some e E (0, oo). We let 



l/l 



LpO(R") : = 



inN A > : 



p(x) 



dx < 1 



for such a function /. As a special case of the theory of Nakano and Luxemberg [47, 62, 63], 
we see (L p ('\R n ),\\ • H^pC-Vri)) is a quasi-normed space. It is customary to let p + := 
sup xeM n p{x) andp_ := mi xeR n p(x). 

The following was shown in [7] and hence we have (C8) for L p ('\R n ). 



PROPOSITION 11.8. Suppose that p(-) : R n — > (0, oo) is a function satisfying 
1 < p_ := inf p{x) < p + := sup p{x) < oo, 

(the log-Holder continuity) \p(x) - p(y) \ < - — j- w p- 

log(l/|x - y\) 



for all \x — y\ < 



1 



(the decay condition) \p(x) — p(y) I < - — , — r 

log(e + \x\ 



for all \y\ > \x\ 



(11.5) 

(11.6) 
(11.7) 



Let u € (1, oo]. Then, for all sequences of measurable functions {fj}JLi) 



LP(')(R") 




LP(')(R«) 



with the implicit equivalent positive constants independent of {fj}j° =1 . 

Now in this example {CI) through (£6) hold true with the parameters in (3.2), (3.3) 
and (3.4) actually satisfies 



C(R n ) := L p ^(R n ), 



n 



min(l,p_), N := hi, 

P- 



7 :-- 



P- 



0. 



Wj(x) := 1 for all x G R n and j S Z+, a± = ol2 = = 0, 



n 



r € [0, oo), q G (0, oo], a > hi, 

ir- 
respectively. Also, by virtue of Proposition 11.8, we have (£8) as well. For the sake of 
simplicity, let us write A s p ^^ q (R n ) instead of A^^^R™). 

The function space A p ^ q (R n ) is well investigated and we have the following proposition, 
for example. 
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Proposition 11.9 ([61]). Let f e S'{M. n ) andp(-) satisfy (11.5), (11.6) and (11.7). Then, 
the following are equivalent: 

(i) / belongs to the local Hardy space h p ^(R n ) with variable exponent p(-) , that is, 

ll/Hw(-)(Rn) : = 

(ii) / satisfies 

H/Hf° 2 (R") := ||^ * /HiP(0(Rn) + 

By virtue of Lemma 1.1, Theorem 9.2, Propositions 11.8 and 11.9, we have the following. 

Proposition 11.10. The function space h p ^(R n ) coincides with F^ 2a (R n ), whenever 
a » 1. 

Recall that Besov/Triebel-Lizorkin spaces with variable exponent date back to the 
works by Almeida and Hasto [1] and Diening, Hasto and Roudenko [12]. Xu investigated 
fundamental properties of A^/^ g (K n ) [95, 96]. Among others Xu obtained the atomic 
decomposition results. As for yl*,x (R n ), in [64], Noi and Sawano have investigated the 
complex interpolation of F s °, , (W 1 ) and F s \ , (R n ). 

Finally, as we have announced in Section 1, we show the unboundedness of the Hardy- 
Littlewood maximal operator and the maximal operator M r \. 

Lemma 11.11. The maximal operator M r ^\ is not bounded on L 1+Xr + (M. n ) for all r € (0, oo) 
and A € (0, oo). In particular, the Hardy-Littlewood maximal operator M is not bounded 
on L + (K ). 

Proof. Consider f r (x) := X[-r,o] (»n)X[-i,l]«-i ( x i> x 2, ■ ■ ■ ,x n -l) for all x = (x ir -- ,x n ) G 
W l . Then, for all x in the support of f r , we have 



sup \t 

0<t<l 



< oo; 



r p(-) n®n\ 




1/2 



/I 5 



< OO. 



LP(-)(W n ) 



M r ,\fr{x) ~M/ r (x) ~ X[-r,r]( x n)X[-l,l]»-i(xuX 2 , ■ ■ ■ ,X n -{). 

Hence || M rj a/ 1 1 i+x K n > r" 1 / 2 , while ||/|| i+x B n ~ r" 1 , showing the unboundedness, which 
completes the proof of Lemma 11.11. □ 



Lebesgue spaces with variable exponent date back first to the works by Orlicz and 
Nakano [66, 62, 63], where the case p + < oo is considered. When p + < oo, Sharapudinov 
considered L p ('\[0, 1]) [84] and then Kovacik and Rakosnfk extended the theory to domains 
[40]. 
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11.5 Amalgam spaces 

Let p, q £ (0, oo] and s € M. Recall that Qq z := z + [0, l] n for z € Z n , the translation of 
the unit cube. For a Lebesgue locally integrable function / we define 

II/II(£p(R«),Z<7((«)s)) := ||{(1 + \z\) S ■ \\XQoJ\\lp(R")}z£Z"\\ii- 

Now in this example (CI) through (£6) hold true with the parameters (3.2), (3.3) and 
(3.4) actually reading as, respectively, 

n 

C(R n ) := (LP(R n ),l q ((z} s )), 9 := min(l,p, 9 ), iV :=n+l + s, 7:=-, S := max(-s, 0). 

P 

Wj(x) := 1 for all x € 1" and j E Z+, ol\ = 02 = tt% = 0. 
r € [0, 00), (7 G (0, 00], a > n + 1 + s. 

The following is shown essentially in [36]. Actually, in [36] the boundedness of singular 
integral operators is established. Using the technique employed in [19, p. 498], we have 
the following. 

PROPOSITION 11.12. Let q,u e (1, oo], p e (l,oo) and sel. Then, for all sequences of 
measurable functions {fj}JL l , 



(LP(R n ),li({z) s )) 



(Lp(R™),^((2> s )) 



with the implicit equivalent positive constants independent of {fj}'jL 1 . 

Therefore, (£6) is available and the results above can be applicable to amalgam spaces. 
Remark that amalgam spaces can be used to describe the range of the Fourier transform; 
see [81] for details. 



11.6 Multiplier spaces 

There is another variant of Morrey spaces. 

Definition 11.13. For r £ [0, §), the space X r (R n ) is defined as the space of all functions 
/ G L^ oc (IR n ) that satisfy the following inequality: 



l X r (R ?l ) 



sup 



{\\f9\\ L 2 {Rn) < 00 : \\g\\ Hr{Rn) < l} < 00, 



where H r (W 1 ) stands for the completion of the space T> (W 1 ) with respect to the norm 



<H r (R n ) 



-A)2u| 



L 2 (R")- 
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We refer to [51] for the reference of this field which contains a vast amount of researches 
of the multiplier spaces. Here and below we place ourselves in the setting of R n with n > 3. 

We characterize this norm in terms of the .ff r (M n )-capacity and wavelets. Here we 
present the definition of capacity (see [50, 51]). Denote by /C the set of all compact sets 
in R n . 

Definition 11.14 ([51]). Let r G [0, §) and e G K. The quantity cap(e, H r (R n )) stands 
for the incapacity, which is defined by 

cap (e, iT(IT)) := inf { |M|^ r(Rn) : u G V (R n ) , n > 1 on e} . 

Let us set f := i — £, that is, u = „ „ . Notice that by the Sobolev embedding 
theorem, we have 



i .. .. 

I e r = IIXelk»(R») < IfIIl«(k™) ~ IM 



// r (i" ) 



for all u G T> (R n ). Consequently, we have 



. n — 2r 



cap (e,iT(R n )J > \e\~ . (11.8) 

Having clarified the definition of capacity, let us now formulate our main result. In 
what follows, we choose a system {ipe,jk}e=i,2,- ,2 n -i, jez.fcez™ so that it forms a complete 
orthonormal basis of L 2 (R n ) and that 

^Pe,jk(x) = l/je^X - k) 

for all j £Z,k(£ Z n and 

Proposition 11.15 ([23, 51]). lei r G [0, §) and Zei / G £? oc (R n ) n5'(K n ). T/ien t/ie 
following are equivalent: 

(i) / G X r (R n ). 

(ii) The function f can be expanded as follows: In the topology ofS'(R n ), 

2"-l 

/ = E E Kj^ejk in S'{R n ), 

e=l (j,fc)eZxZ n 



where {\ e ,jk} e =i,2,- ,2«-i, (j,fc)eZxZ™ satisfies that 

2 n — 1 

E E l A ^*| 2 / l^ jfe (x)| 2 M Xe (rE) 4 / 5 (ix < (d) 2 cap ( e ,ij r (K") 

e=1 (i,fc)ezxz™ e 

/or e G /C. 

(iii) Assume in addition n > 3 /iere. T/ie function f can be expanded as follows: In the 
topology ofS'(R n ), 

2 n -l 

f = E E ^-fc^jfc in 5 '( M ")> 

e=l (i,fc)eZxZ™ 
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where {\ £ ,jk}e=i,2,- ,2 n -l, (j,k)eZxZ n satisfies that 
2 n -l r 

E E \ X ^kf / l^fe(x)| 2 dx < (C 2 f cap (e, i/ r (M n )^ 
/or e € /C. 

Furthermore, the smallest values of C\ and Ci are both equivalent to \\f\\ x (r»)- 
To show that this function space falls under the scope of our theory, let us set 



eex: I C ap ( e , # r (K n ) 



and 

|F(x)| 2 Mx e (x) 4/5 dx 



mi (2) 



ee/C 



1 



cap (e,H r (R n )) Je 



The space Xr\M. n ), i G {1, 2}, denotes the set of all measurable function F : W 1 — > C for 
which \\F\\^ n) < oo. 

The following lemma, which can be used to checking (£6), is known. 

Lemma 11.16 ([23, Lemma 2.1]). Let e be a compact set and k G (0, oo). Define E K = 
{x G M n : Mxe(x) > k}. Then 

2, 



cap {E K ,H r (R n )j < n^cap (e,H r (W 

By (11.8) and Lemma 11.16, (CI) through (C6) hold true with the condition (3.2) 
actually reading as 

£(M n ) := X( i \M n ) for i G {1, 2}, 9 := 1, jV :=n+l, 7 := 2, 5 := 
In this case the condition (3.3) on w is trivial: 

Wj(x) := 1 for all j G Z + and x G M n , ai = 02 = «3 = 0. 
Consequently, (3.4) reads as 

r G [0, 00), g G (0, 00], a > n + 1. 
In view of Proposition 11.15 we give the following proposition. 
Definition 11.17. For any given sequence A := {^jk}jez+,kez n , let 

xy'(R n ),2 X£ j (K™),2 

The space ^^(M™) for i G {1,2} is the set of all sequences A := {\jk}jez+,kez n f° r which 
I it , m . is finite. 
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In [23], essentially, we have shown the following conclusions. 

Proposition 11.18. Let r G (0, |). 

(i) Ifn>3, then (X r (R. n ), (W 1 )) admits the atomic / molecular decompositions. 

' (2) 

(ii) Ifn>l, then (X r (M. n ), X)- (W 1 )) admits the atomic / molecular decompositions. 
However, due to Proposition 9.5, this can be improved as follows. 

Proposition 11.19. Let r e (0, §) and n > 1. Then (X r (R n ), xP (W 1 )) admits the 
atomic / molecular decompositions. 



11.7 B a (R n ) spaces 

The next example also falls under the scope of our generalized Triebel-Lizorkin type spaces. 

Definition 11.20. Let a G [0,oo), p G [l,oo] and A G [-f ,0]. The space B a (L PjX )(M n ) is 
defined as the space of all / G L^ oc (]R n ) for which the norm 



1 



[r a \Q\ n p 



-\\f\\LP(Q) ■ rG(0,oo),QGP(Q(0,r)) 



is finite. 



Now in this example (CI) through (£6) hold true with the parameters in (3.2) and (3.3) 
actually reading as 



and 



£(R n ) := B a (L p \)(R n ), 9 := 1, jV :=-A + l, 7 := —A, 5 := 



Wj(x) := 1 for all j G Z + and x G M™, a± = «2 = «3 — 0, 



respectively. Hence (3.4) now stands for 

r G [0, oo), q G (0, oo], a > —A + 1. 

We remark that i? CT (]R n )-spaces have been introduced recently to unify A-central Morrey 
spaces, A-central mean oscillation spaces and usual Morrey-Campanato spaces [49]. Recall 
that in Lemma 1.1 we have defined Q(0,r). We refer [39] for further generalizations of 
this field. 

Definition 11.21 ([42]). Let p G (1, oo), a G (0, oo), A G and tp satisfy (1.2) 

and (1.3). Given / G S'(W n ), set 



1 



Ba(££ A )(K") 



sup 



re(o,oo) r CT |Q|" + p 

?6Q(M"), QcQ(0,r) 



d=-\og 2 £(Q) 



The space B a (L^ > )(M n ) denotes the space of all / G S'(R n ) for which 



finite. 



S ff (LO A )(K«) 



IS 
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/ oo \ u 











Lemma 11.22 ([42]). Let p G (1, oo), u G (l,oo], a G [0, oo) and A G (— oo,0). Assume, in 
addition, that a + A < 0. Then 



B CT (i p , A )(K n ) 

with the implicit equivalent positive constants independent of {fj}JL 1 C B a (L p ^\)(M. n ). 
Proposition 11.23 ([42]). Let p G (l,oo), a G (0, oo) and A G [-^,-cr). TTien 

B CT (L£ A )(IR™) and ^(^(M") 

coincide. More precisely, the following hold true : 

(i) -B -(L Pj/ \)(]R"') 5'(l n ) in i/te sense of continuous embedding. 

(ii) J B CT (L^ A )(M n ) --)• S'(IR n ) n Lf oc (M n ) in toe sense o/ continuous embedding. 

(iii) / G -B CT (L P) ,\)(M n ) i/ and only if f G B a (Lp X )(M. n ) and the norms are mutually 
equivalent. 

(iv) Different choices of ip yield the equivalent norms in the definition of || • || j 3a ^ L D )( R n)- 

The atomic decomposition of B a {R n ) is as follows: First we introduce the sequence 
space. 

Definition 11.24. Let a G [0, oo), p G [l,oo] and A G [— -,0]. The sequence space 
b a (L^ x )(W l ) is defined to be the space of all A := {Xjk}j& + , fcez™ such that 



sup j-^- 

re(o,oo) r a \Q\ n + p 

QcQ(0,r) 



^2 ^jkXQ jk 



< OO. 



Lp(Q) 



In view of Theorem 6.6, we have the following, which is a direct corollary of Theorem 
4.5. 

Theorem 11.25. The pair (B a (Lp X )(R n ), b a (Lp X )(R n )) admits the atomic /molecular 
decompositions. 

11.8 Generalized Campanato spaces 

Returning to the variable exponent setting described in Section 11.4, we define d p t.) to be 

d p r.\ := min {d G Z + : p-(n + d + 1) > n} . 

Let the space Lcomp(R n ) be the set of all L^-functions with compact support. For a 
nonnegative integer d, let 

^olpOSH := (/ e LLnpM : / = 0, |a| < d) . 
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Likewise if Q is a cube, then we write 

L q ' d {Q) := |/ G L q (Q) : J f(x)x a dx = 0, \a\ < d| , 

where the space L q (Q) is a closed subspace of functions in L g (M. n ) having support in Q. 

Recall that "Pd(M n ) is the set of all polynomials having degree at most d. For a lo- 
cally integrable function /, a cube Q and a nonnegative integer d, there exists a unique 
polynomial P G V d (R n ) such that, for all q G P d (M n ), 



(/(x) - P(x))g(x) dx = 0. 

'Q 

Denote this unique polynomial P by Jq/- It follows immediately from the definition that 
P$g = g if eP# n ). 

We postulate on : IR" +1 — > (0, oo) the following conditions: 

(Al) There exist positive constants M\ and M2 such that 

Mi < ^f' 2 ^ < M 2 (x G M n , r G (0, 00)) 
0(x,r) 

holds true. (Doubling condition) 

(A2) There exist positive constants M3 and M4 such that 

M 3 < t,' r j < M 4 (x, y G M n , r G (0, 00), \x - y\ < r) 

<p{y,r) 

holds true. (Compatibility condition) 

(A3) There exists a positive constant M5 such that 

<j)(x,t) 



dt < M 5 (f>(x, r) (x G M. n , r G (0, 00)) 

holds true. (V2-condition) 

( A4) There exists a positive constant Mq such that f r °° dt < Mq ^+1 f° r some 
integer d G [0, 00). (A2-condition) 

(A5) sup^gKn 4>(x, 1) < 00 . (Uniform condition) 

Here the constants M±, M2, ■ ■ ■ , Mq need to be specified for later considerations. 

Notice that the Morrey-Campanato space with variable growth function 4>(x, r) was 
first introduced by Nakai [55, 59] by using an idea originally from [65]. In [56], Nakai 
established the boundedness of the Hardy-Littlewood maximal operator, singular integral 
(of C alder on- Zygmund type), and fractional integral operators on Morrey spaces with 
variable growth function <f>{x,r). 

Recently, Nakai and Sawano considered a more generalized version in [61]. 

Let us say that (j> : Q(R n ) — >• (0, 00) is a nice function, if there exists b G (0, 1) such 
that, for all cubes Q G Q(M n ), 



HQ) 



1 



T^T IJttx)-Pjf(x)\*dx 



1 
1 

> b 
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for some / G £ gj( ^ jC ;(IR n ) with norm 1. In [61, Lemma 6.1], we showed that <f> can be 
assumed to be nice. Actually, there exists a nice function $ such that C q ^^(W 1 ) and 
C q ^t ^ d (M. n ) coincide as a set and the norms are mutually equivalent [61, Lemma 6.1]. 

Definition 11.26 ([61]). Let 4> ■ -> (0, oo) be a function, which is not necessarily 

nice, and / G L^ QC (M. n ). Define, when q G (1, oo), 



and, when (7 = 00, 

\c q ,^ n ) := SU P ^ 771 t \Wf ~ P Q(x,t)fh°°(Q(x,t))- 
(x.t)pW n+1 VKP, z ) 



Then the Campanato space Cq^^fW 1 ) is defined to be the set of all / such that ||/||£ , d (K«) 
is finite. 



Definition 11.27 ([61]). Let q G [l,oo], p satisfies (1.3) and (f> : M+ + -> (0, 00) a function. 

-D 

I "3 



A distribution / G S'(R n ) is said to belong to the space £f,(IR n ), if 



\f\\c D AR«) := SU P T7— In 1 1^/ TT1 / l^flog, fr-l) * /(*/) | 9 «fy (■ < °°- 

"'^ ' (x,t)6R" +1 JQ(x,t) J 



i) XTie spaces £^(IR n ) and /^^ ^^(IR™) coincide. More precisely, the following hold 



Proposition 11.28 ([61]). Assume (Al) through (A5). Then 

a: 

true: 

(a) Let / G £j^(K n ). TTien tfiere exists P G 7>(R n ) such that f - P G £ 9i<M (K n ). In 
i/iis case, ||/ — P]|/; , d (R n ) ^5 ||/||/;£> (r«) wii/i f/ie implicit positive constant independent 
off. 

(b) If f e C q ^ d (M. n ), then f G C^(R n ) and ||/||^ (R n) < \\f\\c 9 ,^) the 
implicit positive constant independent of f. 

In particular, the definition of the function space £^(IR n ) is independent of the admis- 
sible choices of ip : Any ip G 5(IR n ) does the job in the definition o/£^(IR n ) as long as 
XQ(0,1) <<P< XQ(0,2)- 

(ii) The function space C^ > ( p(M n ) is independent of q. 

In view of Definition 11.27, if we assume that (ft satisfies (Al) through (A5), then we 
have the following proposition. 

Proposition 11.29. Let ip satisfies (1.3). If 4> '■ Q(M n ) ->• (0, 00) satisfies (Al) through 
(A5), then 

1 f I^Qogat- 1 ) *f(v + *)\ 

\\f\\c D ,(R«) ~ SU P . J77v7 Tvi SU P i SU P 



(x,t)eR™ +1 9{Q{.x,t)) yeQ ( X) i) UeR» (1 + t- l \z\) a 
whenever a S> 1, mi/t f/ie implicit equivalent positive constants independent of f . 
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To proof Proposition 11.29, we just need to check (9.17) by using (Al) and (A2). We 
omit the details. 

Definition 11.30. Define 

Now in this example (CI) through (£6) hold true with the parameters in (3.2) and (3.3) 
satisfying the following conditions: 

C(R n ) := L°°(M n ), 9:=1, N := 0, 7 := 0, 5 := 

and w(x, t) := ^tq?^ grc for all x G M n and t G (0, 00), ai = log 2 Mi -1 , «2 = log 2 M2, 03 = 
log 2 -jj^, respectively. Furthermore, unlike the proceeding examples, we choose 

M 2 

r = 0, g = 00, a > N + log 2 — . 

Therefore, C qi<f>4 (R n ) and Cf >(f) (R n ) fall under the scope of our theory. 

Theorem 11.31. Under the conditions (Al) through (AS), the pair (£g^(R n ), lg ^(W 1 )) 
admits the atomic / molecular decompositions. 

Theorem 11.31 is just a consequence of Theorem 4.5. We omit the details. 



Acknowledgement 

Yoshihiro Sawano is grateful to Professor Mitsuo Izuki for his careful reading of the present 
paper. Yoshihiro Sawano, Tino Ullrich and Dachun Yang would like to thank Professor 
Winfried Sickel for his helpful comments and discussions on the present paper. Yoshihiro 
Sawano and Dachun Yang are thankful to Professor Eiichi Nakai for his several remarks 
on Section 11. 



References 

[1] A. Almeida and P. Hasto, Besov spaces with variable smoothness and integrability, 

J. Funct. Anal. 258 (2010), 1628-1655. 
[2] T. Aoki, Locally bounded linear topological spaces, Proc. Imp. Acad. Tokyo 18 

(1942), 588-594. 

[3] C. Bennett and R. Sharpley, Interpolation of Operators, Pure and Applied Mathe- 
matics, 129, Academic Press, Inc., Boston, MA, 1988. xiv+469 pp. 

[4] Y.-K. Cho, Continuous characterization of the Triebel-Lizorkin spaces and Fourier 
multipliers, Bull. Korean Math. Soc. 47 (2010), 839-857. 



Generalized Besov-type and Triebel-Lizorkin-type spaces 



117 



M. Christ and A. Seeger, Necessary conditions for vector-valued operator inequalities 
in harmonic analysis, Proc. London Math. Soc. 93 (2006), 447-473. 
A. Cohen, I. Daubechies, and J.-C. Feauveau, Biorthogonal bases of compactly sup- 
ported wavelets, Comm. Pure Appl. Math. 45 (1992), 485-560. 
D. Cruz-Uribe, A. Fiorenza, J. Martell and C. Perez, The boundedness of classical 
operators on variable LP spaces, Ann. Acad. Sci. Fenn. Math. 31 (2006), 239-264. 

G. Curbera, J. Garcfa-Cuerva, J. Martell, J. Maria and C. Perez, Extrapolation with 
weights, rearrangement-invariant function spaces, modular inequalities and applica- 
tions to singular integrals, Adv. Math. 203 (2006), 256-318. 

D. V. Cruz-Uribe, J. M. Martell and C. Perez, Weights, Extrapolation and the 
Theory of Rubio de Francia, Operator Theory: Advances and Applications, 215, 
Birkhauser/Springer Basel AG, Basel, 2011. 

I. Daubechies, Ten Lectures on Wavelets. CBMS-NSF Regional Conference Series in 
Applied Mathematics, 61. Society for Industrial and Applied Mathematics (SIAM), 
Philadelphia, PA, 1992. 

L. Diening, Maximal functions on generalized LP^) spaces, Math. Inequal. Appl. 7 
(2004), 245-253. 

L. Diening, P. Hasto and S. Roudenko, Function spaces of variable smoothness and 
integrability, J. Funct. Anal. 256 (2009), 1731-1768. 

J. Duoandikoetxea, Fourier Analysis, Translated and revised from the 1995 Span- 
ish original by David Cruz-Uribe, Graduate Studies in Mathematics, 29, American 
Mathematical Society, Providence, RI, 2001. 

C. Fefferman and B. Muckenhoupt, Two nonequivalent conditions for weight func- 
tions, Proc. Amer. Math. Soc. 45 (1974), 99-104. 

C. Fefferman and E. M. Stein, Some maximal inequalities, Amer. J. Math. 93 (1971), 
107-115. 

H. G. Feichtinger and K. Grochenig, A unified approach to atomic decompositions 
via integrable group representations, Function spaces and applications (Lund, 1986), 
52-73, Lecture Notes in Math. 1302, Springer, Berlin, 1988. 

M. Fornasier and H. Rauhut, Continuous frames, function spaces, and the discretiza- 
tion problem, J. Fourier Anal. Appl. 11 (2005), 245-287. 

M. Frazier and B. Jawerth, A discrete transform and decompositions of distribution 
spaces, J. Funct. Anal. 93 (1990), 34-170. 

J. Garcfa-Cuerva and J. L. Rubio de Francia, Weighted Norm Inequalities and Re- 
lated Topics, North-Holland Mathematics Studies, 116, Notas de Matematica [Math- 
ematical Notes], 104, North-Holland Publishing Co., Amsterdam, 1985. x+604 pp. 
L. Grafakos, Classical Fourier Analysis, Second edition, Graduate Texts in Mathe- 
matics, 249, Springer, New York, 2008. xvi+489 pp. 

K. Grochenig, Unconditional bases in translation and dilation invariant function 
spaces on W 1 , Constructive theory of functions (Varna, 1987), 174-183, Publ. House 
Bulgar. Acad. Sci., Sofia, 1988. 

K. Grochenig, Describing functions: atomic decompositions versus frames, Monatsh. 
Math. 112 (1991), 1-42. 



118 Y. Liang, Y. Sawano, T. Ullrich, D. Yang and W. Yuan 

[23] S. Gala and Y. Sawano, Wavelet characterization of the pointwise multiplier space 

X r , Functiones et Approximatio 43 (2010), 109-116. 
[24] L. Hedberg and Y. Netrusov, An axiomatic approach to function spaces, spectral 

synthesis, and Luzin approximation, Mem. Amer. Math. Soc. 188 (2007), vi+97 pp. 
[25] K. Ho, Littlewood-Paley spaces, Math. Scand. 108 (2011), 77-102. 
[26] E. Hernandez and G. Weiss, A First Course on Wavelets, With a foreword by 

Yves Meyer, Studies in Advanced Mathematics, CRC Press, Boca Raton, FL, 1996. 

xx+489 pp. 

[27] M. Izuki, Wavelet characterization of Sobolev spaces with variable exponent, J. Appl. 
Anal. 17 (2011), 37-49. 

[28] M. Izuki, Boundedness of vector-valued sublinear operators on Herz-Morrey spaces 
with variable exponent, Math. Sci. Res. J. 13 (2009), 243-253. 

[29] M. Izuki and Y. Sawano, Wavelet bases in the weighted Besov and Triebel-Lizorkin 
spaces with A l ° c -weights, J. Approx. Theory 161 (2009), 656-673. 

[30] M. Izuki, Y. Sawano and H. Tanaka, Weighted Besov-Morrey spaces and Triebel- 
Lizorkin spaces, Harmonic analysis and nonlinear partial differential equations, 
21C60, RIMS Kokyuroku Bessatsu, B22, Res. Inst. Math. Sci. (RIMS), Kyoto, 2010. 

[31] M. Izuki and K. Tachizawa, Wavelet characterizations of weighted Herz spaces, Sci. 
Math. Jpn. 67 (2008), 353-363. 

[32] H. Jia and H. Wang, Decomposition of Hardy-Morrey spaces, J. Math. Anal. Appl. 
354 (2009), 99-110. 

[33] H. Jia and H. Wang, Singular integral operator, Hardy-Morrey space estimates for 
multilinear operators and Navier-Stokes equations, Math. Methods Appl. Sci. 33 
(2010), 1661-1684. 

[34] H. Kempka, Atomic, molecular and wavelet decomposition of generalized 2- 

microlocal Besov spaces, J. Funct. Spaces Appl. 8 (2010), 129-165. 
[35] H. Kempka, Atomic, molecular and wavelet decomposition of 2-microlocal Besov 

and Triebel-Lizorkin spaces with variable integr ability, Funct. Approx. Comment. 

Math. 43 (2010), 171-208. 
[36] N. Kikuchi, E. Nakai, N. Tomita, K. Yabuta and T. Yoneda, Calderon-Zygmund 

operators on amalgam spaces and in the discrete case, J. Math. Anal. Appl. 335 

(2007), 198-212. 

[37] H. Kita, On maximal functions in Orlicz spaces, Proc. Amer. Math. Soc. 124 (1996), 
3019-3025. 

[38] H. Kita, On Hardy-Littlewood maximal functions in Orlicz spaces, Math. Nachr. 
183 (1997), 135-155. 

[39] Y. Komori-Furuya, K. Matsuoka, E. Nakai and Y. Sawano, Integral operators on 
S^-Morrey-Campanato spaces, Rev. Mat. Complut. DOI: 10.1007/sl3163-011-0091- 
6 (to appear). 

[40] O. Kovacik and J. Rakosm'k, On spaces and W k ' p( - X \ Czechoslovak Math. J. 

41(116) (1991), 592-618. 

[41] Y. Meyer, Wavelets and Operators, Cambridge University Press, Cambridge, 1992. 

[42] Y. Komori-Furuya, K. Matsuoka, E. Nakai and Y. Sawano, Applications of Little- 
wood -Paley theory for i^-Morrey spaces to the boundedness of integral operators, 
in preparation. 



Generalized Besov-type and Triebel-Lizorkin-type spaces 



119 



H. Kozono and M. Yamazaki, Semilinear heat equations and the Navier-Stokes equa- 
tions with distributions in new function spaces as initial data, Comm. Partial Dif- 
ferential Equations 19 (1994), 959-1014. 

K. Kurata, S. Nishigaki and S. Sugano, Boundedness of integral operators on gen- 
eralized Morrey spaces and its application to Schrodinger operators, Proc. Amer. 
Math. Soc. 128 (2000), 1125-1134. 

Y. Liang, Y. Sawano, T. Ullrich, D. Yang and W. Yuan, New characterizations of 
Besov-Triebel-Lizorkin-Hausdorff spaces including coorbits and wavelets, J. Fourier 
Anal. Appl. (to appear) or arXiv: 1103.5667. 

S. Lu, D. Yang and G. Hu, Herz Type Spaces and Their Applications, Science Press, 
Beijing, 2008, vi+232 pp. 

W. Luxenberg, Banach Function Spaces, Thesis, Technische Hogeschool te Delft, 
1955. 70 pp. 

T. Matsumoto and T. Ogawa, Interpolation inequality of logarithmic type in abstract 
Besov spaces and an application to semilinear evolution equations, Math. Nachr. 283 
(2010), 1810-1828. 

K. Matsuoka and E. Nakai, Fractional integral operators on B p,x with Morrey- 
Campanato norms, Function Spaces IX, Banach Center Publ., 92, 249-264, Polish 
Acad. Sci. Inst. Math., Warsawa, 2011. 

V. G. Maz'ya and T. O. Shaposhnikova, Theory of Multipliers in Spaces of Differ- 
entiable Functions, Monographs and Studies in Mathematics 23, Pitman, 1985. 
V. G. Maz'ya and T. O. Shaposhnikova, Theory of Sobolev Multipliers with Appli- 
cations to Differential and Integral Operators, Springer- Verlag, Berlin, 2009. 
A. Mazzucato, Decomposition of Besov-Morrey spaces, Harmonic analysis at Mount 
Holyoke (South Hadley, MA, 2001), 279-294, Contemp. Math. 320, Amer. Math. 
Soc, Providence, RI, 2003. 

A. Mazzucato, Besov-Morrey spaces: Function space theory and applications to 
non-linear PDE, Trans. Amer. Math. Soc. 355 (2003), 1297-1364. 
T. Mizuhara, Boundedness of some classical operators on generalized Morrey spaces, 
Harmonic analysis (Sendai, 1990), 183-189, ICM-90 Satell. Conf. Proc, Springer, 
Tokyo, 1991. 

E. Nakai, Pointwise multipliers for functions of weighted bounded mean oscillation 
(English summary), Studia Math. 105 (1993), 105-119. 

E. Nakai, Hardy-Littlewood maximal operator, singular integral operators and the 
Riesz potentials on generalized Morrey spaces, Math. Nachr. 166 (1994), 95-103. 
E. Nakai, A characterization of pointwise multipliers on the Morrey spaces, Sci. 
Math. 3 (2000), 445-454. 

E. Nakai, Generalized fractional integrals on Orlicz-Morrey spaces, Banach and func- 
tion spaces, 323-333, Yokohama Publ., Yokohama, 2004. 

E. Nakai, The Campanato, Morrey and Holder spaces on spaces of homogeneous 
type, Studia Math. 176 (2006), 1-19. 

E. Nakai, Orlicz-Morrey spaces and the Hardy-Littlewood maximal function, Studia 
Math. 188 (2008), 193-221. 



120 Y. Liang, Y. Sawano, T. Ullrich, D. Yang and W. Yuan 

[61] E. Nakai and Y. Sawano, Hardy spaces with variable exponents and generalized 

Campanato spaces, J. Funct. Anal. 262 (2012), 3665-3748. 
[62] H. Nakano, Modulared Semi-Ordered Linear Spaces, Maruzen Co., Ltd., Tokyo, 

1950. i+288 pp. 

[63] H. Nakano, Topology of Linear Topological Spaces, Maruzen Co., Ltd., Tokyo, 1951, 
viii+281 pp. 

[64] T. Noi and Y. Sawano, Complex interpolation of Besov spaces and Triebel-Lizorkin 
spaces with variable exponents, J. Math. Anal. Appl. 387 (2012), 676-690. 

[65] E. Nakai and K. Yabuta, Pointwise multipliers for functions of bounded mean oscil- 
lation, J. Math. Soc. Japan 37 (1985), 207-218. 

[66] W. Orlicz, Uber konjugierte Exponentenfolgen, Studia Math. 3. (1931), 200-212. 

[67] J. Peetre, On convolution operators leaving L p ' x spaces invariant, Ann. Mat. Pura 
Appl. 72 (1966), 295-304. 

[68] H. Rauhut and T. Ullrich, Generalized coorbit space theory and inhomogeneous 
function spaces of Besov-Lizorkin-Triebel type, J. Funct. Anal. 260 (2011), 3299- 
3362. 

[69] S. Rolewicz, On a certain class of linear metric spaces, Bull. Acad. Polon. Sci. 5 
(1957), 471-473. 

[70] T. Runst and W. Sickel, Sobolev Spaces of Fractional Order, Nemytskij Operators, 
and Nonlinear Partial Differential Equations, de Gruyter Series in Nonlinear Analysis 
and Applications 3, Walter de Gruyter and Co., Berlin, 1996. x+547 pp. 

[71] V. S. Rychkov, On a theorem of Bui, Paluszyhski, and Taibleson, (Russian) Tr. 
Mat. Inst. Steklova 227 (1999), Issled. po Teor. Differ. Funkts. Mnogikh Perem. i ee 
Prilozh. 18, 286-298; translation in Proc. Steklov Inst. Math. 1999, (227), 280-292. 

[72] V. S. Rychkov, Littlewood-Paley theory and function spaces with A l ° c weights, Math. 
Nachr. 224 (2001), 145-180. 

[73] Y. Sawano, Generalized Morrey spaces for non-doubling measures, NoDEA Nonlin- 
ear Differential Equations Appl. 15 (2008), 413-425. 

[74] Y. Sawano, Wavelet characterization of Besov-Morrey and Triebel-Lizorkin-Morrey 
spaces, Funct. Approx. Comment. Math. 38 (2008), part 1, 93-107. 

[75] Y. Sawano, A note on Besov-Morrey spaces and Triebel-Lizorkin-Morrey spaces, 
Acta Math. Sin. (Engl. Ser.) 25 (2009), 1223-1242. 

[76] Y. Sawano, S. Sugano and H. Tanaka, A note on generalized fractional integral 
operators on generalized Morrey space, Bound. Value Probl. 2010, Art. ID 835865, 
18 pp. 

[77] Y. Sawano, S. Sugano and H. Tanaka, Orlicz- Morrey spaces and fractional operators, 

Potential Anal. 36 (2012), 517-556. 
[78] Y. Sawano, S. Sugano and H. Tanaka, A note on generalized fractional integral 

operators on generalized Morrey space, Trans. Amer. Math. Soc. 363 (2012), 6481- 

6503. 

[79] Y. Sawano and H. Tanaka, Morrey spaces for non-doubling measures, Acta Math. 
Sin. (Engl. Ser.) 21 (2005), 1535-1544. 

[80] Y. Sawano and H. Tanaka, Decompositions of Besov-Morrey spaces and Triebel- 
Lizorkin-Morrey spaces, Math. Z. 257 (2007), 871-905. 



Generalized Besov-type and Triebel-Lizorkin-type spaces 



121 



[81] Y. Sawano, T. Yoneda, On the Young theorem for amalgams and Besov spaces, Int. 
J. Pure Appl. Math. 36 (2007), 199-208. 

[82] Y. Sawano, D. Yang and W. Yuan, New applications of Besov-type and Triebel- 
Lizorkin-type tpaces, J. Math. Anal. Appl. 363 (2010), 73-85. 

[83] Y. Sawano and H. Wadade, On the Gagliardo-Nirenberg type inequality in the crit- 
ical Sobolev-Morrey space, J. Fourier Anal. Appl. (to appear). 

[84] I. I. Sharapudinov, The basis property of the Haar system in the space £ p ^([0, 1]) 
and the principle of localization in the mean, (Russian) Mat. Sb. (N.S.) 130(172) 
(1986), 275-283, 286; English translation Math. USSR-Sb 58 (1987), 279-287. 

[85] W. Sickel and H. Triebel, Holder inequalities and sharp embeddings in function 
spaces of B^ q and F£ q type, Z. Anal. Anwendungen 14 (1995), 105-140. 

[86] S. Spanne, Some function spaces defined using the mean oscillation over cubes, Ann. 
Scuola Norm. Sup. Pisa 19 (1965), 593-608. 

[87] S. Spanne, Sur l'interpolation entre les espaces Ck p ^ (French), Ann. Scuola Norm. 
Sup. Pisa 20 (1966), 625-648. 

[88] E. M. Stein, Harmonic Analysis: Real- Variable Methods, Orthogonality, and Oscil- 
latory Integrals, Princeton University Press, Princeton, N. J., 1993, xiv+695 pp. 

[89] L. Tang and J. Xu, Some properties of Morrey type Besov- Triebel spaces, Math. 
Nachr. 278 (2005), 904-914. 

[90] H. Triebel, Theory of Function Spaces, Monographs in Mathematics, 78, Birkhauser 
Verlag, Basel, 1983. 284 pp. 

[91] H. Triebel, Theory of Function Spaces II, Monographs in Mathematics, 84, 
Birkhauser Verlag, Basel, 1992. viii+370 pp. 

[92] H. Triebel, Fractal and Spectra, Related to Fourier Analysis and Function Spaces, 
Monographs in Mathematics, 91, Birkhauser Verlag, Basel, 1997. viii+271 pp. 

[93] T. Ullrich, Continuous characterizations of Besov-Lizorkin- Triebel spaces and new 
interpretations as coorbits, J. Funct. Space Appl., Article ID 163213, 47 pages. 

[94] P. Wojtaszczyk, A Mathematical Introduction to Wavelets, London Mathematical 
Society Student Texts, 37, Cambridge University Press, Cambridge, 1997. xii+261 
pp. 

[95] J. Xu, Variable Besov and Triebel-Lizorkin spaces, Ann. Acad. Sci. Fenn. Math. 33 
(2008), 511-522. 

[96] J. Xu, An atomic decomposition of variable Besov and Triebel-Lizorkin spaces, Ar- 

men. J. Math. 2 (2009), 1-12. 
[97] D. Yang and W. Yuan, Relations among Besov-type spaces, Triebel-Lizorkin-type 

spaces and generalized Carleson measure spaces, submitted. 
[98] D. Yang and W. Yuan, A new class of function spaces connecting Triebel-Lizorkin 

spaces and Q spaces, J. Funct. Anal. 255 (2008), 2760-2809. 
[99] D. Yang and W. Yuan, New Besov-type spaces and Triebel-Lizorkin-type spaces 

including Q spaces, Math. Z. 265 (2010), 451-480. 
[100] D. Yang and W. Yuan, Characterizations of Besov-type and Triebel-Lizorkin-type 

spaces via maximal functions and local means, Nonlinear Analysis 73 (2010), 3805- 

3820. 



122 



Y. Liang, Y. Sawano, T. Ullrich, D. Yang and W. Yuan 



[101] D. Yang, W. Yuan and C. Zhuo, Fourier multipliers on Triebel-Lizorkin-type spaces, 

J. Funct. Spaces Appl. 2012, Article ID 431016, 37 pp. 
[102] T. Yoneda, Ill-posedness of the 3D-Navier-Stokes equations in a generalized Besov 

space near BMO -1 , J. Funct. Anal. 258 (2010), 3376-3387. 
[103] W. Yuan, Y. Sawano and D. Yang, Decompositions of Besov-Hausdorff and Triebel- 

Lizorkin-Hausdorff spaces and their applications, J. Math. Anal. Appl. 369 (2010), 

736-757. 

[104] W. Yuan, W. Sickel and D. Yang, Morrey and Campanato Meet Besov, Lizorkin and 
Triebel, Lecture Notes in Mathematics, 2005, Springer- Verlag, Berlin, 2010, xi+281 
pp. 

Yiyu Liang, Dachun Yang (Corresponding author) and Wen Yuan 

School of Mathematical Sciences, Beijing Normal University, Laboratory of Mathemat- 
ics and Complex Systems, Ministry of Education, Beijing 100875, People's Republic of 
China 

E-mails: yyliang@mail.bnu.edu.cn (Y. Liang) 
dcyang@bnu . edu . cn (D. Yang) 
wenyuan@bnu . edu . cn (W. Yuan) 

Yoshihiro Sawano 

Department of Mathematics, Kyoto University, Kyoto 606-8502, Japan 

The present address: Department of Mathematics and Information Sciences, Tokyo 
Metropolitan University, Minami-Ohsawa 1-1, Hachioji-shi, Tokyo 192-0397, Japan. 

E-mail: ysawano@tmu.ac.jp 
Tino Ullrich 

Hausdorff Center for Mathematics & Institute for Numerical Simulation, Endenicher 
Allee 60, 53115 Bonn, Germany 

E-mail: tino .ullrich@hcm.uni-bonn.de 



